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1. Preface 



There are two basic generalizations of the space of holomorphic functions to 
higher dimensions. One of them is the notion of holomorphic functions in 
several variables, / : R 2k ~ C k — > C, djf = for j = 1, . . . , k. 

The second possible generalization deals with functions defined on W 1 with 
values in the Clifford algebra (a particular generalization of complex num- 
bers). The functions in question are solutions of a first order elliptic system 
of partial differential equations called Dirac equation, which is a higher di- 
mensional analogue of Cauchy-Riemann equations. It is easy to describe the 
system in dimension 4 using quaternionic notation (it was done by Fueter 
in 30's). A hyperbolic analogue of the system in dimension 4 was discovered 
in theoretical physics by P. Dirac. The (elliptic version of) Dirac equation 
has been used extensively in mathematics during the last 40 years (e.g. [3]). 
Solutions of the Dirac are often called monogenic functions (or harmonic 
spinors). The function theory for them is now known under the name Clif- 
ford analysis ([9, 20]). In explicit terms, monogenic functions / are defined 
on real Euclidean space R n with values in the Clifford algebra Cliff (n,R) 
(or the space of spinors S) such that Df = 0, where D = Y^j e j ■ dj is 
given by multiplication in the Clifford algebra (or the Clifford multiplica- 
tion R n <g) S — > S). Monogenic functions have similar nice properties as 
holomorphic functions (Cauchy integral formula, theory of residues, ana- 
lyticity, maximum principle, unique continuation property, etc.) and they 
coincide with usual holomorphic functions on I 2 ~ C for n = 2 ([28]). 

Eigenfunctions of the (hyperbolic version of) the Dirac operator D describe 
spin 1/2 particles with mass in relativistic quantum mechanics. As all basic 
equations of relativistic physics, it is invariant with respect to the Poincare 
group. Similar nice invariance properties are true also for the elliptic version 
of the Dirac equation. In particular, its solutions are invariant with respect 
to the group Spin(n). It means that if a function / is monogenic, the same 
is true for the function g ■ f defined by (g ■ f)(x) = g{f{g^ ■ x)) (here R n 
and S are considered as the fundamental defining and fundamental spinor 
representation of Spin(n)). Moreover, it turns out that the symmetry group 
is much larger then Spin(n). It is a group G which is a double-cover of the 
group of all Mobius transformations of W l . It contains Spin(rt) similarly 
as the group of Mobius transformations in the plane contains rotations. 
This is an analogue of the fact that holomorphic functions are preserved by 
conformal transformations. 

It is a natural idea to consider monogenic functions of several Clifford vari- 
ables, which form a common generalization of the space of holomorphic 
functions in several variables and of the space of monogenic functions in 
one variable. A monogenic function of several Clifford variables is a func- 
tion / : (R ra ) fc — > S, where S is the spinor module over Cliff (n,M) resp. 
Cliff (n, C) such that D, L f = 0, where Di = ■ ej ■ dij for i = 1, . . . , k (x uv 
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are variables on (R n ) k , u = 1, . . . , k, v = 1, . . . , n). The whole system can 
be written as Df = where D = (D\, . . . ,£>&), is called Dirac operator in 
several Clifford variables. 

One important theorem in the theory of holomorphic functions of several 
complex variables is the Hartog theorem. It says that not all open sets are 
natural domains of definition for holomorphic functions of several complex 
variables. There are domains £1 with the property that any function holo- 
morphic on Q can be extended holomorphically to a larger domain. This was 
a completely new phenomenon, which is not true for one complex variable. 
This property is a consequence of the fact that the Cauchy-Riemann op- 
erator D in higher dimensions defines an overdetermined system of PDE's. 
The Hartog type theorems can be systematically studied using a resolution 
of D, i.e. the (locally exact) complex of PDE's starting with the operator 
D. This is the Dolbeault sequence, which is nowadays a standard basic part 
of the theory of functions of several complex variables. 

It can be expected that the Dirac operator in several Clifford variables will 
also define an overdetermined system of PDE's and that Hartog type the- 
orem will hold for monogenic functions in several variables as well. As in 
the complex case, an adequate tool for a study of such properties of mono- 
genic functions in several variables would be an analogue of the Dolbeault 
sequence starting with the Dirac operator in several Clifford variables. It is 
not an easy task to find such a resolution and its general form is still not 
known. However, many special cases of the problem are already understood. 

For some reason, the dimension n = 4 is special and an analogy with complex 
analysis is stronger than in higher dimensions. The elliptic version of the 
Dirac equation in dimension 4 (the Fueter equation) was studied by Fueter 
already in 40's ([26]) and the resolution for it is already well understood for 
any number of variables ([38, 4, 2, 1, 37, 42, 10, 19, 11]). 

In higher dimensions, the situation is more complicated. In [18], the authors 
used Fourier transform and translated the problem into the language of 
commutative algebra. Instead of sequences of differential operators, they 
were computing the resolution of a module over the ring of polynomials by 
using the Hilbert syzygy theorem and Grobner bases. 

The Dirac operator in k variables is invariant with respect to the group 
SL(k) x Spin(n) (C is considered to be the trivial and C fc the defining rep- 
resentation of SL(/c)), similarly as the Dirac operator in one variable is 
Spin-invariant. We already mentioned that the usual Dirac operator in one 
variable is invariant with respect to a group that is a double-cover of the 
group of Mobius transformations. It is shown in this work that a similar 
fact is true for the Dirac operator in several variables. It is invariant with 
respect to a larger group that contains SL(/c) x Spin(n) as its semisimplc 
subgroup (in a similar way as the group of Mobius transformations contains 
SO(n) as it semisimple subgroup). 
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While the notion of holomorphic function can be extended to functions 
on complex manifolds, the usual Dirac operator can be defined on spin- 
manifolds which are manifolds with a given spin structure (see [25]). The 
Dirac operator acts not on functions but rather on sections of the associated 
spinor bundle over such spin-manifolds. An example of a spin structure on 
the sphere is the projection Spin(n + 1) — > Spin(n + 1)/Spin(n). The curved 
version (in the Cartan sense) of this are oriented Riemannian manifolds with 
a chosen spin structure and the Dirac operator acts between sections of the 
vector bundle associated to the spinor representation of Spin(n). 

It can be shown that the spin structure on the sphere described above is a 
reduction of the bundle G — > G/P where G = Spin(n + 1, 1) and P is the 
parabolic subgroup fixing a line in the null-cone of the Minkowski metric. If 
V and W are two spinor representations of P (it means that we extend the 
spinor action of Spin(n) C P on these modules by a suitable action of the 
center of P and let the unipotent part of P act trivially), the Dirac operator 
acts between sections of G x p V and G x p W and is G-invariant (G is the 
group of invariance of the Dirac operator mentioned above). The curved 
analogues of the homogenous bundle G — ► G/P are principal P-bundles 
Q — > M over a manifold M called conformal spin structures on M. 

This geometric structure on M (together with a Cartan connection uj on 
Q which is an analogue of the Maurer- Cartan form on G) is an example 
of the so called parabolic geometry. These are geometries modeled on a 
homogeneous space (G,P), where G is a semisimple Lie group and P a 
parabolic subgroup. The choice of P is equivalent to the choice of a gradation 
= ®^ = _ k Qi of g. It is well known that conformal geometries and projective 
geometries can be described as parabolic geometries with one-graded Lie 
algebra g = g_i © 0o © Si) see [31]- The topic was studied in details in e.g. 
[40, 39, 32, 33, 43, 24, 17], and many properties of invariant operators on 
such manifolds are known ([16, 13]). 

The facts indicated above suggest that we may find a suitable parabolic 
geometry, which would correspond well to the symmetry of the Dirac oper- 
ator in several variables. We show in this thesis that it is indeed possible. 
The corresponding couple is the Lie group Spin(n + k, k) and its parabolic 
subgroup P having SL(fc) x Spin(n) as its Levi factor. If we consider the 
SL(fe) x Spin(n)-spinors representations V ~ C © S, W ~ C k © S as irre- 
ducible P- modules (choosing a particular action of the center of P), there 
is a unique G-invariant differential operator T(G XpV) ^ T(G x p W). Fur- 
ther, we show that after suitable local identifications between sections of the 
vector bundles and functions on a vector space, this operator really reduces 
to the Dirac operator in k variables. Again, it is possible to define an appro- 
priate curved version of the operator D and to study properties of solutions 
of D on manifolds with a given parabolic structure of type (G,P). In this 
work, we shall not study these questions in a curved situation and restrict 
our attention to the homogeneous model. 
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Methods used in the thesis are completely algebraic. It is well-known that 
there is a duality between invariant differential operators on the flat model 
of a parabolic geometry and homomorphisms of so called generalized Verma 
modules, which are g-modules dual to the space of infinite jets of sections of 
some associated vector bundle: 

M p (Y)c±(J™ P (T(Gx P V*)))* 

On such modules, the action of q, the Lie algebra of G, is defined naturally 
as the derivative of the action of G on sections. More precisely, due to the 
transitive action of G, it is possible to reduce the classification of G-invariant 
differential operators between sections of homogeneous bundles associated 
to P-modules V and W to a classification of P-invariant maps between 
infinite jets of sections of the corresponding associated vector bundle at the 
origin. The dual P-homomorphism can be always extended to a (q,P)- 
homomorphism of the generalized Verma modules M p (W*) — ► M p (V*) (and 
vice versa). 

The theory of generalized Verma modules (further denoted simply by GVM) 
was created mostly by Lepowski ([35]) who generalized the results about true 
Verma modules of Bernstein-Gelfand-Gelfand and Verma ([5, 6, 44]). 

For an irreducible finite dimensional P-module V, there exist only a finite 
sequence of homomorphisms of GVM's starting with M p (V) and all the 
GVM's in this sequence are induced by highest weights that are linked by the 
affine action of the Weyl group W (associated to g). The homomorphisms 
of GVM's that have regular infinitesimal character are quite well understood 
( [8] ) . But the homomorphism dual to the Dirac operator in several variables 
described above acts between GVM's that have singular character. The 
general theory gives only few tools to deal with this case, but despite this, 
we prove the existence of a nonzero homomorphism of GVM's so that the 
dual operator is the Dirac operator in several variables. 

All GVM's with highest weights on a chosen affine orbit and homomorphisms 
between them form the BGG graph. In the thesis, the structure of this graph 
is described (for the specific singular orbit that contains the homomorphism 
dual to the Dirac operator) in case the dimension of the variables is odd. A 
conjecture is formulated that, if the dimension n of the variables is even and 
n/2 > k, where k is the number of Clifford variables, the BGG graph has 
the same form as in the odd case. This implies that the Dirac operator in 
k variables is only the first operator in a sequence of G-invariant operators. 
For k = 2 (Dirac operator in 2 variables), there are only 2 further operators 
in this sequence and their form was found explicitly. It turned out that these 
operators were identical with the operators forming a resolution of the Dirac 
operator in 2 variables computed in [18]. So, these operators not only form 
a resolution but each of them is also G-invariant. After the identifications 
between sections of spinor bundles and functions on the flat space, action of 
G includes translation (f(x,y) i-> f(x + u,y + v)), SL(k) x Spin(n)-action, 
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and much more. The invariance of these operators is one of the main results 
of this work. 

Now we give an overview of the chapters and their content. 
The first chapter is the preface. 

In the second chapter we give an overview of the ingredients used later. This 
includes the highest weight theory, parabolic subalgebras and associated 
grading, definition of GVM and the duality between homomorphisms of 
GVM's and invariant differential operators. The only new result is Theorem 
2.4.1 that gives a simple tool how to determine the order of an operator dual 
to a homomorphism of GVM for first and second order operators. Finally, 
the classical Dirac operator on the flat space is introduced. 

The third chapter is devoted purely to properties of GVM's. Results of 
Bernstein-Gelfand-Gelfand and Lepowski are presented, partially with com- 
prehensive proofs (lemma 3.3.1 and Theorem 3.3.3) and with a slight exten- 
sion of Lepowski's theorem for non-integral weights (Theorem 3.3.4). Fur- 
ther, we show that this theorem cannot be generalized to weights of singular 
characters. We give a precise definition of singular Hasse graph and BGG 
graph and give a conjecture that, in most cases, these graphs coincide. 

In the fourth chapter, we choose the pair (G = Spin(n + 1, 1), P) and par- 
ticular weights fx, A and show the existence of a nonzero homomorphism 
between GVM's induced by P-representations with these highest weights. 
We show that this is dual to a differential operator that is, locally, the usual 
Dirac operator. Further, we choose the pair (G = Spin(n + k,k),P) and 
particular weights /x, A and we again show the existence of the homomor- 
phism of the GVM's. We claim that this is dual to the Dirac operator in k 
variables. To give a meaning to this, we need to assign to each section of the 
spinor bundle a function / on g_ and then to restrict the operator to such 
sections, so that the corresponding functions do not depend on g„2 and can 
be considered as functions of g_i only. 

In the fifth chapter, we compute the affine orbit of the weights /U, A intro- 
duced in chapter four. We show that in case n is even, the structure of the 
singular Hasse graph does not depend on n for n/2 > k but becomes larger 
for n/2 < k (its form is described in the case k = n/2 + 1). This does not 
happen in odd dimension. If n is odd, the BGG graph was computed and its 
structure is independent of n. We show that all homomorphisms of GVM's 
in the odd case are standard whereas in the even case the second order ho- 
momorphisms are nonstandard, if they exist. The existence of these second 
order homomorphisms, however, is not proved in general and it remains as 
a conjecture. 
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The sixth chapter is devoted to a study of the sequence of GVM's that 
corresponds to k = 2 (Dirac operator in 2 variables). In this case, the 
sequence consists of only 3 operators, whereas the second one is nonstandard 
and of second order. The existence of the nonstandard operator is proved 
by computing the extremal vector. This is a vector in the GVM that is the 
image of the highest weight vector in another GVM by the homomorphism in 
question. This vector determines the homomorphism uniquely and the only 
condition on it is its weight and the fact that it is annihilated by the action 
of all positive root spaces in g. Finally, we used the explicit form of this 
extremal vector and "translated" the GVM homomorphism into operators. 
We found the form of the three operators to be (assigning functions on g_ 
to sections and restricting to functions constant in g_2) 



where Di = Ylj e j ' ®ij f° r * = 1>2- This coincides with the resolution 
computed in [18, pp. 238]. The equation given by the third operator D\hi — 
D2I11 = i has solution for any smooth function i so the resolution ends here. 
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2. Introduction 



2.1. Semisimple Lie algebras. Let g be a (real or complex) semisimple 
Lie algebra. We fix a maximal commutative subalgebra f) of g called Cartan 
subalgebra and a set of positive roots ( 1 >+ for (g, fj). Let = <I> + U — <5 + be 
the set of all roots. The root space g^ corresponding to the root 4> is one- 
dimensional and consists of elements such that [h,e^\ = <p(h)e$ for each 
h £ h. 

It is well known that, for g semisimple, g = f) ©</,<=<!> g^. For a fixed (g, f), $ + ), 
we define A = {a\, . . . ,a n } to be the set of simple roots (basis of fj* so 
that each positive root is an integral combination of a^s with nonnegative 
coefficients). 

The Killing form (a, b) i-> Tr(ad(a)ad(6)) defines a duality between f) and f)*. 
For each root <p we define the coroot := <p £ f) where we identified </> 
with an element of f) via the Killing form. 

We will call elements of fj* weights. The fundamental weights w±, . . . ,w n 
are elements of h* dual to the simple coroots H ai , . . . , H an . Fundamental 
weights form a basis of fj* and we will sometimes denote weights by its 
coefficients in this basis. We define an ordering on the weights by \x < A 
if and only if A — fi is a sum of positive roots with nonnegative integral 
coefficients. 

A weight fi £ f) is said to be dominant, if H a (fi) > for all a £ A and 
strictly dominant, if H a ((i) > for all a £ A. The set of dominant weights 
is sometimes called fundamental Weyl chamber. A weight fj, £ f) is called to 
be integral, if H a (fi) £ Z for all a £ A. We denote by P the set of integral 
weights (it is called weight lattice) and by P ++ the set of dominant integral 
weights. We see that a weight is integral, if it is an integral combination 
of fundamental weights and dominant, if it is a nonnegative combination of 
fundamental weights. 

A representation of g is a vector space V that is a g-module, i.e. there is a 
homomorphisms of Lie algebras ip : g — > gl(V). For a representation V and 
H £ fj, we define the weight space V M of weight fi by 

Y» := {v £ V, V/i £ I) (p(h)(v) = n(h)v }. 

A representation V is called a highest weight module, if it is generated by a 
weight vector that is annihilated by all the positive root spaces in g. 

The following statements can be found in, e.g. [29, 27, 30]: 

For g semisimple, each finite-dimensional representation V of g is a direct 
sum of irreducible representations. V is a direct sum of its weight spaces. 
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There is a one to one correspondence between isomorphism classes of fi- 
nite dimensional irreducible representations and P ++ . This correspondence 
assigns to each \i G P ++ an irreducible finite dimensional highest weight 
module V M with highest weight fi (and all such modules are isomorphic). 

For (g, f), <I> + ) we define the lowest form 5 G f)* to be 5 := ^ X^e*+ ^ i s 
easy to show that 5 = J2j w j ■ For each root (f> we define the root reflection 
s 4> '■ f)* ~^ 1 l— ^ A 4 - H,p(iJ,)4> (it is a reflection in f)* with respect to the 
hyperplane orthogonal to (f>, and the Killing metric). The Weyl group W 
is the (finite) group generated by all simple root reflections s a . For any 
element w G W, we define the length l(w) to be the minimal number k so 
that w = s ai . . . s ak for some ctj G A. 

We will be interested mainly in the case when g is the complex orthogonal 
Lie algebra so(l, (3) consisting of endomorphisms A of C' such that (3(x, Ay) + 
(3(Ax,y) = for x,y G C', (3 being some non-degenerate symmetric bilinear 
form on C'. This is, clearly, the Lie algebra of the orthogonal Lie group 
so (I, f3). All such algebras, for different choices of (3, are isomorphic, but for 
convenient computing, we will choose the form (3(x,y) = Y^j=i x jVi+i-j- I n 
this case, we can describe elements of so (I, (3) explicitly. 

Let us suppose that I = 2n is even. The Lie algebra has rank n and is 
sometimes denoted by D n . In the formalisms of [29], it consists of matri- 
ces of size 2n x 2n, antisymmetric with respect to the anti-diagonal and 
the Cartan subalgebra f) can be chosen to be the subalgebra of diagonal 
matrices. It has dimension n. In this formalism, we introduce the orthog- 
onal (with respect to the Killing form) basis {ei, . . . , e n } of h* defined by 
ej(diag(ai, . . . ,a n , —a n , . . . , — a±)) := ctj. The positive roots can be chosen 
to be £i ± €j, i < j. For n = 3, the matrices have the following form: 



hi 


X12 


X13 


XU 


X15 





\ 


2/21 


h 2 


X23 


X24 





-X15 




2/31 


2/32 


h 3 





-X24 


-X34 




2/41 


2/42 





-h 3 


-X23 


-X13 




2/51 





-2/42 


-2/32 


-h 2 


~X\2 







-2/51 


-2/41 


-2/31 


-2/21 


-hi 


) 



The matrices with Xij = 1 for some i,j and having on other positions are 
generators of positive root spaces. Similarly, matrices with yij = 1 and 
elsewhere are generators of negative root spaces and the matrices with hj = 1 
generate the Cartan subalgebra f). Further, we will usually denote by x^ 
resp. yij the corresponding root space generator and by hj the elements 
of h. In the upper left square, the generator of a positive root space x^ 
corresponds to the root e^— €j and in the upper right square, x^ is a generator 
of the root space corresponding to the root + €2 n +i-j ( m our case, n = 3). 
The generator of negative root space for the root —0 is just the transposed 
generator of the cp-root space. In the e^-basis, fundamental weights are 
Wj = [1, . . . , 1, 0, . . . , 0] where the last 1 is on the j-th position for j < n — 2 
and w n -i = ^[1, . . . , 1], w n = . . . ,1, -1]. A weight fj, = [ai, ... ,a n ] is 
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dominant exactly if a± > a 2 > . . . > a n -\ > \a n \ and strictly dominant if 
strict inequalities hold. The weight ft is integral, if the cij's are all integers 
or all half- integers. The lowest form is S = [n — 1, n — 2, . . . , 1, 0]. 

In case / = 2n + 1, the algebra is denoted by B n and consists of matrices 
(2n + 1) x (2n + 1) antisymmetric with respect to the anti-diagonal. The 
Cartan subalgebra f) can be again chosen to be the subalgebra of diagonal 
matrices. It has dimension n. We define the orthogonal basis {ei, . . . , e n } 
of f)* by ej(diag(ai, ... ,a n ,0, —a n , . . . , — ai)) := a^. The positive roots are 
then €i ± €j, i < j and €j, 1 < j < n. For n = 3, the matrices have the 
following form: 



f hi 


£12 


Xl3 


214 


^15 


£16 





2/21 


h 2 


£23 


£24 


£25 





-£15 


2/31 


2/32 


h 3 


£34 





-£24 


-£34 


2/41 


2/42 


2/43 





-£34 


-£24 


-£14 


2/51 


2/52 





-2/43 


-h 3 


-£23 


-£13 


2/61 





-2/52 


-2/42 


-2/32 


-h 2 


-£12 




-2/61 


-2/51 


-2/41 


-2/31 


-2/21 


-hi 



Similarly as before, the matrices with Xij = 1 for some i,j and on other 
positions are generators of positive root spaces and matrices with y^j = 1 
for some i,j and elsewhere are generators of negative root spaces. In 
the upper left square, corresponds to roots — ej. In the upper right 
square, is a generator of the root spaces corresponding to + £2 n +2~j 
and in the middle-column, generate the root space for ej. Generators 

of negative root spaces are again just transposed generators of positive root 
spaces. In the e^-basis, fundamental weights are Wj = [1, . . . , 1, 0, . . . , 0] 
where the last 1 is on the j-th position for j < n — 1 and w n = ^[1, . . . , 1]. 
A weight fi = [01, . . . ,a n ] is dominant exactly if a\ > a 2 > ■ ■ ■ > a n -i > 
a n > and strictly dominant if strict inequalities holds. The weight /i is 
integral, if the a^'s are all integers or all half- integers. The lowest form is 
<y=|[2n-l,...,3,l]. 

2.2. Parabolic subalgebras and grading. For the triple (q, f), <I> + ) where 
is semisimple, f) a Cartan subalgebra and <I> + the set of positive roots, we 
define the Lie algebra n := ©^ g <j>+0<^. In the orthogonal case, choosing f) and 
<I )+ as above, n consists of strictly upper triangular matrices in q. Further, 
we define the Borel subalgebra b := f) © n. 

We call any subalgebra p of q a parabolic subalgebra, if it contains b (associ- 
ated to some choice of (f),<3? + ). In that case, f) is also a Cartan subalgebra 
of p and <I> + is a set of positive roots for (p, h) as well (however, p usually 
does not contain all negative root spaces of g). It was shown in [14] that 
there is a 1 — 1 correspondence between parabolic subalgebras of q (by fixed 
h, <J> + ) and subsets of A: to any Sc Awe assign the parabolic Lie algebra 
pE := YlcfreA Q-4> © ^ where A C <I )+ consists of those positive roots that can 
be expressed as a sum of simple roots that are not in S. Each parabolic 
subalgebra p is of this type. Further, there is a 1 — 1 correspondence between 
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parabolic subalgebras of g and gradings q = (B^ = _ k Qi of 0. Given E C A, 
the set Qi (i / 0) is denned to be ©0gAj00, where Ai contains elements 
4> = ^ aj eA c j a j sucn that Sa 3 es c i = h an d 0o = f) ®<j>eA 00- Given a 
grading %0j, the parabolic subalgebra is then p = (Bj>oQj- 

The set of simple roots A can be described by the Dynkin diagram: it is 
a diagram where nodes are simple roots and edges indicate angles between 
them, see, e.g. [30]. 

A parabolic subalgebra can be given by crossing the nodes representing 
simple roots in E in the Dynkin diagram. For example, the Dynkin diagram 
for so(2(k + n),C) with crossed (i.e. E = 



where go = C) ffiso(2n,C), 31 consists of a block of size k x n and its 
negative transpose with respect to the anti-diagonal, and 02 is a block of 
size k x k (antisymmetric with respect to the anti-diagonal). The associated 
parabolic subalgebra is then p = 0o © 0i © 02- If fe = 1, then 02 = and 
is only 1-graded. 

Similarly, in the odd orthogonal case, E = {ai} induces a 1-grading of 
and E = induces a 2-grading for k > 2. 

For each grading (BjQj of 0, there is a unique element E £ Qo called grading 
element defined by the property [E,gj] = jgj for gj £ Qj. 

Lemma 2.2.1. Let = so(2(n + k),C), p be the parabolic subalgebra cor- 
responding to E = {afc} and n > 1. Then the grading element associated to 
(S,P) is 



the diagonal blocks are of size k x k,n x n and k x k. 

For = so(2(k + n) + 1, C), E = {a^}, n > 1 the grading element is 



(there are k one's and 2n + 1 zeroes in the expression). 

If the parabolic subalgebra is the Borel subalgebra b, then the grading element 
corresponding to (g, b) is 




induces a gradation 



(2.1) 




£ = diag(l,... ,1,0,... ,0,-1,...,-!) 




£ = diag(l, . . . ,1,0,... ,0,-1,...,-!) 



E b = diag(. . . , 5/2, 3/2, 1/2, -1/2, -3/2, -5/2, . . .) 
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in the even orthogonal case and 

£ fa = diag(...,2,l,0,-l,-2,...) 
in the odd orthogonal case. 



Proof. In the even 2-graded case, consider the structure of the grading given 
by (2.1) and we can verify the condition [E,gj] = jgj by commuting the 
(antisymmetric with respect to the anti-diagonal) matrices. The odd case is 
similar. In the even Borel case, the root space Ei t j—E 2 f n+ k)+i-j,2(n+k)+i-i £ 
Qj-i for i + j < 2(n + k),i ^ j and the equality [E, gj] = jgj can be again 
easily verified by commuting (Ey is a matrix with a 1 on position (i,j) and 
zeros on other positions). □ 



It can be shown that go = flo* © 3 where Qq s is semisimple and 3 is the 
center of go- Dimension of 3 is equal to the cardinality of X, so in case 
S = {oik}, 3 is generated by the grading element. Clearly, I) is a Cartan 
subalgebra for qq, A — £ is a set of simple roots and {vcj; ctj ^ S} is a set 
of fundamental weights for it. Any irreducible representation V of Qq s can 
be extended to a representation of go letting 3 act by z ■ v = u(z)v where 
v £ 3* is arbitrary. Let [i be any weight of V. The number fi(E) is called 
generalized conformal weight (because V is generated, as a go-module, by 
a highest weight vector and E is in the center of go, this is independent 
of the choice of /x). Further, any irreducible go-module V can be extended 
to an irreducible representation of the whole p, letting p + = 2~2j>o 0? ac ^ 
trivially. On the other hand, if V is an irreducible representation of p, the 
action of p + must be trivial on it (it follows from Engel's theorem about 
nilpotent Lie algebras), so, finite-dimensional irreducible representations of 
p are completely described by the highest weight of V as a go-module. 

Let us denote by P p the set of weights /i such that H a (/j.) G Z for all 
a £ A — S and call it p-integral weights (or gg s -integral). We say that a 
weight fi is p-dominant (or gQ S -dominant) if H a (fi) > for all a £ A — S. 
Similarly, we define a strictly p-dominant weight. We denote by Pp~ + the 
set of p-integral and p-dominant weights. Note that Pp is not a lattice, but 
it consists of dim(3)-dimensional planes in fj*. A weight is in Pp ++ exactly if 
it is expressed as ^ • CjWj so that Cj is a nonnegative integer for each j such 
that ay ^ S. We see that there is a 1 — 1 correspondence between Pp~ + and 
the set of isomorphism classes of irreducible finite dimensional p-modules. 
Clearly, P++ C P p ++ . 

In case so(Z,C), we usually express the weights in the e^-basis defined in 
2.1. Assume that g = so(2(k + n),C), S = and n > 1. Then a 

weight /i = [ai, . . . , ak\bi, . . . , b n ] is p-dominant, if a\ > a 2 > • • • > and 
b\ > h 2 > ■ ■ ■ > & n -i > \b n \ and p-integral if — aj are all integers and 
bj are either all integers, or all half- integers. Similarly, in the odd case g = 
so(2(/c + n) + 1, C), £ = {«£;} and n > 1, a weight /i = [a±, . . . , a^|6i, . . . ,b n ] 
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is p-dominant if a\ > . . . > a& and b\ > . . . > b n > and p-integral, if 
aj — cij G Z and the b^s are all integers or all half- integers. 

From lemma 2.2.1 it follows that the grading element evaluation is 

[ai, . . . , a/tl&i, • • -,b n ](E) =ai + ... + a k . 
in even as well as in the odd case. 



2.3. True and generalized Verma modules. The representations of any 
Lie algebra g are in a natural correspondence with representations of the 
associative algebra 

U(g) := T(g)/I 

where / is the ideal in the tensor algebra generated by all [x, y] — x<S>y — y®x. 
It is called universal enveloping algebra. The filtration Tfc(g) = ®^ = qT 1 (q) 
projects to a filtration Uk{g) of U(g). 

We see from the definition that U(g) is a g-module, if the action of g on U{g) 
is the left multiplication, i.e. g ■ (g± (8 . . . (8 5% mod J) = g (8 g\ (8 . . . % ^mod I 
and, extending this action, a left ^(g)-module. Considering multiplication 
from the right, U(g) is a right ^/(g)-module and for any subalgebra 0i of g, 
U(g) is a right W(fli)-module. The right and left actions obviously commute. 

The PBW-theorem (see, e.g. [30]) states that for any basis v\,... ,v n of g, 
the set 

{v^ (g) v i2 (g) . . . <g> Vi. mod/; i\ < i 2 < ■ ■ ■ < ij,j G N} 
is a basis of U(g) (as a vector space). 

Assume that g is semisimple and (f), <I> + ) is chosen. For any jjl g f)*, C can be 
given the structure of a b-module, where the action of f) is /i ■ v = fj,(h)v for 
/t G f},t> G C and the nilpotent algebra n acts trivially. We will denote this 
representation by C M . We see that is a left ^(b)-module. Further, we 
know that U(q) is a right U(b) module and left ^/(g)-module and that both 
actions commute. So, we can define the Verma module to be the g-module 

M(ji) :=U(g) ® u{b) 

If we choose {y±, . . . , y k , h±, . . . , h n , x\, . . . , to be an ordered basis of g so 
that yj are generators of the negative root spaces in g, hj generates b, and Xj 
are generators of the positive root spaces in g, it follows easily from the PBW 
theorem that, as a vector space (and as g_-module), M(/x) ~ U(g~) C M 
where g_ := X]<^g$+ Q-<t>- The tensor product is over the C, resp. M, if g is 
a complex, resp. real, Lie algebra. M(p) is a highest weight module with 
highest weight (i and /x- weight vector 1(8)1. Simple commutation relations 
imply that the weight of y± . . . y^ (8 1 is // — ■ root(yj), where root(yj) is 
the root to which j/j is the root space generator. 
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The Verma modules are maximal in the sense that each highest weight 
module with highest weight \i is isomorphic to a factor of the Verma module 
M(n), see e.g. [30, 21]. 

Let p be a parabolic subalgebra of g and \i 6 Pp ++ . Then there is an 
irreducible representation V M of p with highest weight fi and we define the 

generalized Verma module 

M p {n) := U(g) ® U (p) V m ^ W(fl_) © V„, 

where 0_ = 0_fc © ... © 0_i is the negative part of in the grading corre- 
sponding to p, see 2.2. The second tensor product, again, is over C resp. M 
for a complex resp. real Lie algebra 0. Sometimes we will write M p (V) for 
the generalized Verma module induced by a p-module V. 

Mp(p) is naturally a 0-module by the left action of on U(g). We call 
Mp(fi) — > M p (A) a homomorphism of generalized Verma modules, if it is a 
0-homomorphism. If is a P-module, where P is a Lie group with Lie 
algebra p, M p (/x) is also a (0, P)-module, the action of p € P being 

y\. ■ -Vk^v ^ Ad(p)(yi) . . . Ad(p)(y fc ) © (p • u). 

Mp(fi) is a highest weight module with highest weight /U and ^-weight vector 
1 © u^, where v„ is the highest weight vector in V„. Let us denote the 
generators of negative root spaces in 0_ by yj and the generators of negative 
root spaces in 0o by It follows from the PBW theorem and the fact that 
V M is generated by that the vectors 

(2.2) y h ...y k ®Y jl ...Y js v ll 

generates M p (/x) and, if Yj 1 . . . Yj s v^ is nonzero, then (2.2) is a weight vector 
of the weight p - J2u root ( Y ju) ~ T, v root (^J- However, Y h . . . Y js v^ may 
be zero in V„, so the generalized Verma modules are in general "smaller" 
then (true) Verma modules. 



2.4. Invariant differential operators. Let G be a semisimple Lie group 
and H a (closed) Lie subgroup. The homogeneous space G/H is a smooth 
manifold and the projection tt : G — > G/H induces a principal fiber bundle 
on G/H with structure group H, see, e.g. [39, 14, 34]. To each P-module V 
we can associate a vector bundle V(G/H) := Gx^V. The equivalence class 
of [g, v] € G x V in G Xjj V will be denoted by [g,v]n and the projection 
G x#V — > G/P is given by [<?, v]// 1— > gH. There is an isomorphism between 
sections T(V(G/H)) and P-equivariant functions C°°(G,Y) H , i.e. functions 
/ : G — > V such that f(h~ 1 v) = h • f(v) for each h £ H. This isomorphism 
assigns to a section s € T(V(G/H)) the function / so that f(g) is the unique 
v G V for that s(gH) = \c/,v]h- On the other hand, given an equivariant 
function /, we can define the section s by s{gH) = [g, f(g)]n and this 
definition is independent of the choice of g. 

The group G has a natural left action on the following spaces: 
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• on G/H: g 1 • gH = g 1 gH 

• on V(G/H): g 1 ■ [g,v] H = [gi9,v] H 

• on T(V(G/H)): ( 9l ■ s)(gH) = 9l ■ (s(g^gH)) 
. onC°°(G,V)": ( 9l ■ f)(g) = f(g^g) 



It is easy to verify that the last two actions are compatible with the isomor- 
phism T{V{G/H)) ~ C°°(G, V) H described above. 

Let V and W be representations of H and V(G/H) and W{G/H) the as- 
sociated vector bundles. A map D : T{V{G/H)) -► T(W(G/H)) is called 
an operator. The operator D is called differential of order k, if the value 
Ds(x) depends only on s(x) and derivations of s in x up to order k (this 
makes sense, because in a neighborhood U of x, the bundle is trivialized to 
U x V by some bundle map and the transitions between bundle maps are 
C°°). An operator D is called invariant if it commutes with the action of G 
on sections. We will deal only with linear invariant differential operators in 
this work. 

It is easy to see that an invariant operator D is completely determined by 
the values Ds(0) on sections, where = eH G G/H is the image of the 
identity element of G in G/H. If the operator is of order k, the values 
Ds(0) depend only on the k-jet JqS of sections in and the operator is 
determined by a ff-homomorphism </?£> : Jq(V(G/H)) — > VF, where the 
action of on Jq(V(G/H)) is the action on representatives. The operator 
acts by Ds(0) = (PdJq{s) and ipn must be a iJ-homomorphism because D 
is G- invariant and the action of H takes /c-jets of sections in to themselves. 

The most trivial example is the Euclidean space M n considered as a homo- 
geneous space Euc(n)/SO(n). Let V = R be the trivial representation of 
SO(n), then the sections T(V(G/H)) are just functions on W 1 . Its 1-jets in 
can be identified with M© (M n )* (g>R ~ M© (R n )* by / ^ (/(0), d/(0)). The 
action of -ff on 1-jets in implies that (M n )* is the dual defining representa- 
tion of SO(n) and we see that the only (nontrivial) i^-homomorphisms from 
Jo 1 to W exists for W = (W 1 )* and ip : R © (W n )* -> (M n )* the projection 
onto the second component. The vector bundle associated to (R n )* is the 
cotangent bundle and D is the differential. 

Let q be the (semisimple) Lie algebra of G. We will call P a parabolic 
subgroup of G if it is a Lie subgroup and its Lie algebra p is a parabolic 
subalgebra of g. For a parabolic subalgebra p of g, P can be defined ex- 
plicitly as the set {p E G, Ad(p)(p) C p}. We know that each irreducible 
finite dimensional representation of P is a representation of p and can be 
characterized by its highest weight [i G P^ + ■ We shall assume that G and 
P are real Lie groups and consider smooth sections, not holomorphic. So, 
the algebras (fl,p) are real as well. 
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The space J${V{G/P)) of sections can be identified with J e fe (C°°(G, V)) p , 
where e £ G is the identity element. It can be shown that this is dual, as 
a P-module, to Uk(s) ®u(p) ^a (^fc(s) is the fc-th filtration ofU(g)) and the 
duality is given by 

(2.3) (Y 1 ... Y x ® M(p) A,j k e f) = A({L Yl . . . L Y J)(e)) 

for I < k, A G Y* x , j%f the fc-jet of / in e, Yj G and Ly i the derivation 
with respect to the left invariant vector fields induced by Yj. 

An invariant differential operator of order k is determined by some P- 
homomorphism ipn : J k (C OD (G,Yx)) p — ► V M and, applying (2.3), the dual 
map ip* D : Y* — > £4(g)<8>w( P ) The right side is a P-submodule of M p (V^). 
Further, each P-homomorphism <fi : V* — > Mp(Y* x ) can be extended to a 
(g, P)-homomorphism M p (V*) — > Mp(Y* x ) of generalized Verma modules by 
yi . . . yi <Sr v I— > j/i . . . yi <8>r cj)(v) for G 3-, the action of p on being the 
infinitesimal action of P (we identified M p (i/) ~ W(g_) 0m Vj,). 

It follows that there is a duality between invariant linear differential op- 
erators D : T(G Xp Yfj) — > T(G Xp Y\) of any finite order and (g, P)- 
homomorphisms of generalized Verma modules M p (V*) — ► M p (Y* x ) (see [14] 
for details). 

Let /j,, A G P p ++ and assume that V M and Va are P-modules, so that the 
action of p is the infinitesimal action (for example, if P is simply connected, 
this is true for all /j,, A G P p ++ ). Then each g-homomorphism Mp(fi) — > 
M p (A) lifts to a (g, P)-homomorphism, defining the action of P in a natural 
way by p ■ (y 1 . . . y x ®r v) := Ad(yi) . . . Ad(yj) SrP-v. 

The following theorem is an important tool for determining the order of an 
operator, dual to a homomorphism of generalized Verma modules. 

Theorem 2.4.1. Let fi, A be highest weights of some irreducible finite- 
dimensional P-modules V^, Y\ and (ft : M p (/x) — > M p (A) 6e a nonzero ho- 
momorphism of generalized Verma modules. Let E be the grading element 
for (g,p) and assume that (A — fJ.)(E) G {1,2}. Then the corresponding 
(dual) invariant differential operator T(G x pY* x ) — ► r(G x p V*) /ias degree 
(A -/.)(£). 



Proof. Let be the highest weight vector of V„. Then is completely 
determined by 0(1 (X 1 f^), the image of the highest weight vector in Mp(fi), 
because generalized Verma modules are highest weight modules. Define 
yj G W(g_) and Vj G Va so that 0(1®^) = X)j yj® v j (this is possible since 
M p (A) -W(g-)«V A ). 
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Let k be the maximal integer such that yi G Uk(Q-) for some tji and let 
/ 50 G W(flo)- Then maps 1 (8 50 ■ «V = 50 <8>w(p) *V to 

j j j 

because [go,yj] G U(q~) for 30 G U(Qo),yj G U(q~) ([a,b] = ab — ba is the 
commutator in the associative algebra U(q)). Simple commutation relations 
show that, if j/j G - Wj_i(fl_), then [ff ,J/j] G - Wj_i(fl_) as 

well. This implies that, if is the smallest integer such that 4> maps 1 ® i> M 
into Uk(Q-) <8> V^, then </> maps 1 go ■ *V into Uk(Q-) (g> V M as well (but not 
to Uk-i(g-) (8) Va). V m is generated by so we proved that maps 1 <8 V M 
into Z4(fl_) ® V M . 

In particular, for any v G V M , 0(1 ®r f ) = X)j ®R fo r some G Va, 
G Uk(s-) and ^ Z4_i((j_) for some i. Without loss of generality, we 
can assume that yj = y[^ . . . y^X for some y^ G 0_, < k and l{i) = k. 

Applying the duality (2.3), the differential operator D satisfies 
V ((Z>/)(0))=2>(L 0) ...L 0) (/)(0)), 

(7) 

where L y) are the left invariant vector fields generated by y« G 0_. So, 
the operator D dual to the homomorphism is of order k. 

Let us suppose that the operator has order k, i.e. 4> maps I into 
Uk(Q-) <£> Va but not into £4_i(jj_) (8 Va- Let {yi, . . . y n } be an ordered 
basis of 0_ that consists of generators of negative root spaces in 0_. 

Let 4>(l (g) v^) = J2j Vj ® v j an d assume that all the v/s are weight vectors 
in Va and yj is a product of the yj 's (it follows from the PBW theorem that 
such expression is always possible). Then all tjj (£>Vj are weight vectors and, 
because their sum is a weight vector of weight fx, each yj (8 Vj is a weight 
vector of weight fi as well. 

Because <p(l (8 v^) £ Uk-i{Q-) <8 Va, there exists i such that yi = y% x - ■ ■ yi k 
is a product of fc elements. Let Uj G N be defined by y^ G Q- Uj ■ The action 
of the grading element on y% x . . . yi k (8 Vi is 

£ • ■■■Vik ®k «i) = ■ ■ ■ j/i fc <8w(p) «i = 

= (i/ii-E + yij)yi 2 ■ ■ ■ j/** <8w( P ) = . . . = 

= J/ii ■ • ■ y» fe (A(-B) - «i - ■ ■ - - itjfc) <8r ^ 

But y^ ... yi k (8> is a weight vector of weight fi, so the left hand side equals 
n(E)(y h ...y ik ®RVi). It follows 

(2.4) (\-»)(E) = Y i u j >k 

j 



16 



because Uj > 1 for all j. So, we see that (A — n)(E) is always an integer 
larger or equal to the order of the operator. 

It follows immediately that (A — n)(E) = 1 implies that the operator is of 
first order. To finish the proof, it remains to show that for a first order 
operator, (A — n)(E) is 1 (and not 2). 

Assume that D is an operator of first order. This means that 0(1 ® v^) = 
Ylj Vj ® v j f° r Uj £ ^i(S-) an d again, assume that yj are either constants or 
generators of negative root spaces and Vi are weight vectors. All the terms 
Uj <8> Vj are of weight fx, and therefore, 

n{E)( yj ® Vj) = E( yj ® Vj ) = (X(E) - [E, yj ])( yj ® Vj ) 

so [E, yj] = (ji — X)(E) for all j and it follows that all the y/s are from the 
same graded components of g. If yj G 0_i, so (A — /u)(E) = 1 and we are 
done. Assume, for contradiction, that yj G 0_fc for k > 1. 

Because J2j Vj® v 3 G Q-k&^x, choosing a basis {vi,...,v m }ofY\, Vj®Vj 
can be uniquely expressed as Ylj=i Vj ® Vj ^ or some jjj G 0_fc. Because it 
is a homomorphic image of a highest weight vector in M p (/i), it must be 
annihilated by all positive root spaces in q, in particular, by any generator 
x of a root space in Q±: 

x ■ yj 5 j) = Yl x ^ 0w (p) 5 j = (% x + t x ' ® w (p) 5 j = 

= Vi ®«(p) x " 5 J + t x ' 5 i = H x ' 5 i = 

J 3 

because [x, yj] G 0-fc+i C 0_ and x ■ v\ = 0. Because Vj forms a basis of 
V M , it follows that for each j, = for all x G 0i. The grading must 

fulfill that 0_i generates 0_ and it follows that 0i generates p + = Yli=i3i- 
The Jacobi identity implies that if yj commutes with 0i, it commutes with 
all the p + as well. Let yj = J2i a iy-4>i where y~^ i is a generator of the 
— 0i-root space. Define x := Yli a i x <f>n where x^ is a generator of the en- 
root space. We see that x G 0^ and [x,yj] = Yli a i[ x 4>->y-4>] / because 
[x^, y_^,] ^ if and only if <f) = tp. So, we obtained a contradiction and 
therefore yj G 0_i. □ 



We see that the degree of an operator of first or second order can be recog- 
nized immediately by the weights fx, A. 

The operators of first order can be found easily. As we know, they are 
determined by P-homomorphism J^(V(G/H)) — > W, where V and W are 
the P- modules inducing the associated vector bundles. As vector spaces, 

Jl(V{G/H))~V®{if_®V) 
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if we assign to a any 1-jet in e of / G G°°(G, V) p the pair (v, 4>) G Ve(fl* <8>V) 
defined by v = /(e) and (f>{X) = (cj _1 X/)(0) where u> is the Maurer-Cartan 
form trivializing the tangent bundle TG. 

The action of P on V©(g;H©V) was computed explicitly in [40] and it follows 
that the action of Go (as a subgroup of P) on j\ ~ V© (jj* ©V) is the usual 
action on the sum and product of Go-modules. The tensor product q*_ © V 
decomposes, as a Go-module, into a sum of irreducible Go-modules F± © . . . © 
Ffc so that all irreducible modules in the decomposition have multiplicity one, 
see [41]. Therefore, any homomorphism g*_ © V to an irreducible module F 
is a projection onto one of these irreducible components. So, if none of the 
FjS is isomorphic to V, then there is a direct Go-module decomposition 

j\ (V(G/P)) ~ V © F 1 © . . . © F k 

and each first order operator from T(V(G/H)) to somewhere is determined 
by the projection to some Fj (but the opposite statement is not true, the 
projections need not to be P-homomorphisms in general). 

We will usually consider complex representations of the (real) Lie group P. 
If C is the trivial representation, T(C(G/P)) is the space of smooth functions 
on G/P, so j\ ~ C©01©irC ~ Cffi(p + ) c , where (p + ) c is the complexification 
of the positive part p + = ®k>iQk- In this case, J\ ~ C © (p + ) c also as P- 
module (if the action of P is the adjoint action), so there exists a differential 
operator of first order determined by C © (p + ) c — ► (p + ) c and it is the unique 
G-invariant first order operator acting on functions on G/P. The vector 
bundle associated to the complexified adjoint representation (p + ) c of P is 
the complex cotangent space T*(G/P) C and the operator is (up to multiple) 
the De Rham differential d, because we know that g ■ df = d(g ■ f) for 
all diffeomorphisms g, especially for all g G G (it is easy to see that the 
action of g on a section is the pullback of the differential form or function 
in this case). In the language of generalized Verma modules, the De Rham 
differential is dual to a homomorphism M p ((g/p) c ) — ► M p (C), where 55/p is 
the representation of p dual to p + . 

2.5. Dirac operator and Clifford algebras. Fix a (positive definite) 
metric on R n , resp. C n . The real, resp. complex, Clifford algebra Cliff (n, M), 
resp. Cliff (n,C), is defined to be the associative algebra generated by 1 and 
M n , resp. C n , with the relations ei ■ ej = —zy &i for i ^ j and • ei = —1, ej 
being an orthonormal basis of W 1 , resp. C n . The spin group Spin(n), resp. 
Spin(n, C) is the multiplicative subgroup generated by all Vi -Vj, where Vi,Vj 
are unit vectors. It has a natural action on R n (resp. C n ) defined by 

(vi - ... ■ v 2n ) ■ v := vi ■ . . . ■ v 2n ■ v ■ v 2n ■ ■ ■ ■ ■ vi G Cliff 

and it is easy to check that the result is again a vector. This action is a rota- 
tion for any x G Spin(n) and the vector space M n , resp. C n , with this action 
is the fundamental defining representation of Spin(n), resp. Spin(n,C). It 
can be shown that Spin(n), resp. Spin(n,C), is the unique connected and 
simply connected Lie group with Lie algebra so(n), resp. so(n, C) (however, 
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if we represent elements in so(n, C) as matrices like in section 2.1, one has to 
take the defining condition of Cliff v\-V2+v%-v\ = 2/3(v\,V2) = Yl v i v 2 +1 ~ l ) ■ 

If n is odd, the fundamental spinor representation S of Spin(n, C) can be 
realized as a minimal left ideal in Cliff (n, C). If n is even, there exists a 
unique minimal left ideal S in Cliff (n, C) that decomposes, as a Spin(n, C)- 
module, into two irreducible modules S* + and S~ that are the fundamental 
spinor so(n, C)-modules with highest weights vj n /2-\ and w n /2- These two 
representations of so(n, C) are either self-dual (if n/2 is even) or dual to each 
other (if n/2 is odd). In both cases (odd and even), S is called the space of 
spinors. By restriction, S (resp. S + , S~) are complex representations of the 
real Lie group Spin(n) as well. The action of M™ C Cliff (n,R) C Cliff (n,C) 
on S C Cliff (n, C) given by left multiplication in Cliff (n, C) is called Clifford 
multiplication. 

The Dirac operator is defined via Clifford multiplication to be 

D : C°°(R n ,S) ->■ C°°(R n ,S), f^^eydjf 

j 

and is independent of the choice of the orthonormal basis ej. 
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3. HOMOMORPHISMS OF GENERALIZED VERMA MODULES 



3.1. True Verma module homomorphism. Let W be the Weyl group 
of g assuming a fixed choice of f). We define the affine action of W on f) to 
be w ■ n := w(p + 5) — 5. Usually, we will denote by dot (w ■ A) the affine 
action and the usual action of W without dot (wX). The theorem of Harish- 
Chandra says that a homomorphism of Verma modules M(/t) — ► M(A) 
can be nonzero only if jjl and A are on the same affine orbit of W, i.e. 
jx = w • X for some w £ W. It is well known (see, e.g. [21, pp. 251]) that 
dim(Hom(M(/x), M(A))) < 1 and that each homomorphism M([i) — > M(A) 
is injective. So, there exists a nonzero homomorphism M(/x) — > M(A) if and 
only if M(fi) is isomorphic to a unique submodule of M(A) isomorphic to 
M(fi). We will write simply M(/i) C M(A) in that case. 

We can define the Bruhat ordering on the Weyl group by the relation w < w', 
if there exists a sequence w = wq, wi, . . . , = w' so that Wj = s^.Wj-i for 
some positive roots jj and the length l(wj) > l(wj-\). We call Hasse graph 
the graph whose vertices are elements of W and there is an arrow w — ► w' if 
and only if w' = s^w for some 7 and l(w') = l(w) + 1. It can be shown ([21, 
pp. 265]) that for any w G W and 7 6 $ either ti; < s 7 tt; or s 7 ty < tu, i.e. 
the Hasse graph is the minimal partial ordered set of the Bruhat ordering. 

Lemma 3.1.1. LetX € P ++ , thenw < w' if and only if w' (X+ 5) < w(X+8) 

Proof. See, e.g. [36, pp. 117], or [22, pp. 79]. □ 

Lemma 3.1.2. Let w' = s^w for some positive root 7 and X be a strictly 
dominant weight. Then l{w') > l(w) if and only if (wX)(H^) > (H~, is the 
j-coroot). 

Proof. Because A is strictly dominant, it is in the interior of the fundamental 
Weyl chamber and wX is in the interior of another Weyl chamber. Therefore, 
s 7 (wX) =wX- (u>A)(F 7 )7 / wX and (u>A)(F 7 ) / 0. For A G P ++ + S, it 
follows from the previous lemma that w' > w if and only if w'X = wX — 
A(-£f 7 )7 < wX, so wX(Hry) is a nonnegative integer. The function /(/x) = 
/i(i^ 7 ) defined on the interior of the Weyl chamber containing wP ++ is a 
continuous nonzero function with positive values on integral weights, so it 
has positive values for all jj, = wX, where A is strictly dominant. □ 

The following theorem, proved by Bernstein-Gelfand-Gelfand and by Verma 
([6, 44]), describes the homomorphisms of Verma modules in terms of their 
highest weights: 

Theorem 3.1.3. Let fi, X G f)* (not necessarily integral). There exists a 
nonzero homomorphism of Verma modules M(jx) — ► M(A) if and only if 
there exists weights X = Ao, Ai, . . . , A& = fj, so that Aj+i = sp i • Aj for some 
positive roots and (A, + 5) (Hp.) are nonnegative integers for all i. 
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Corollary 3.1.4. Let X G P ++ . Then M(w' ■ A) C M(w ■ A) if and only if 
w < w' . 

Corollary 3.1.5. For A G -P ++ , i/ie maximal (proper) submodule of M(X) 
* s E aeA M (^-A) CM(A). 

The following lemma is a useful tool for comparing length of two elements 
in W: 

Lemma 3.1.6. Let M(fi) C M(\), fj, = s 7 ■ A /or some positive root 7 and 
suppose that A 7^ /it. Let 6e i/ie grading element associated to (q, b). Then 
(X-fj)(E b )€N. 

Proof. Let ©j0j be the grading associated to (0, b) and let X 7 be the 7- 
root space generator. In this grading, all the positive root spaces are in 
b + , so I 7 G 0j for some i > 0. The defining equation for implies 
[Ef,,X^] = iX-y = 7(£t>)X y , so 7(-Eb) = i We obtain 

= (s 7 (A + S) - 5)(E b ) = (A + 5 - (A + o)(# 7 )7 - = 

= A(£ b )-z(A + <5)(# 7 ) 

We know from Theorem 3.1.3 that (A + 5)(H^) is a nonnegative integer. If 
(A + 5)(H^) = 0, then A = fi contradicts the assumption. Therefore, both i 
and (A + 5)(H 1 ) are positive integers and (A — n)(E b ) 6 N. □ 

So, to construct the Hasse graph, we can find the Weyl group orbit of 5 and 
for any two elements /i, A on it such that w'5 = s^w5, we can determine 
whether w'5 > w5 (i.e. w < w') or wd > w'5 (i.e. w' < w). In such a way, 
we construct the Bruhat ordering. 

The following theorem describes the Jordan-Holder series for Verma mod- 
ules: 

Theorem 3.1.7. Let C A C B C M(A) be Q-submodules and let B/A = 
L(n) be an irreducible module with highest weight fi. Then M(/j,) C M(X). 

Proof. See, [21, pp. 262]. □ 

Corollary 3.1.8. LetY^, resp. Y\, be highest weight ^-modules with highest 
weights fi, resp. X, and let V M be a submodule ofY\. Then M(ji) C M(X). 

Proof. Let / be the ideal in M(A) so that M(X)/I ~ V A and let vr : 
M(A) — > M(X)/I be the projection. Identifying V M with a submodule 
of M(X)/I, define 5 := vr- 1 ^). Then C / C 5 C M(A) is a se- 
quence of g-sub modules with B/L ~ V M . Because V M is a highest weight 
module, take J to be the maximal non-trivial submodule of B/L so that 
(B/I)/J ~ L(fi) is irreducible with highest weight /i. Take A := 7r _1 (J). 
Then L(/x) ~ (B/I)/(A/I) ~ (B/A). So, C A C £ C M(A) is a sequence 
of 0-sub modules and we can apply Theorem 3.1.7. □ 
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3.2. Parabolic Hasse graph. Let p be a parabolic subgroup of g, we de- 
note by W p the Weyl group of p. It is the subgroup of W generated by the 
"uncrossed" simple roots, i.e. simple roots with root spaces contained in go 
in the associated grading, see section 2.2. Denote the set of these simple 
roots by S, i.e. S = A - S. 

Let us denote by W p the subset of W consisting of those w £ W so that wX 
is p-dominant for each g-dominant weight A. It is shown in [7, pp. 40] that 
any w £ W can be uniquely decomposed w = w p w p where w p £ W p and 
w p £ \yp anc i the length l(w) = l(w p ) + l(w p ). A special case of this is the 
following lemma that we will use later: 

Lemma 3.2.1. Let w £ W p , a £ S. Then s a w ^ W p and l(s a w) = 
l(w) + l. 

The following statement shows that the Bruhat ordering is reasonable de- 
fined on W p : 

Lemma 3.2.2. Let w,w' £ W p , and w < w' in the Bruhat ordering. Then 
there is a path w — > w\ — > . . . — > Wk = w' in the Hasse diagram so that all 
the elements w, £ W p . 



Proof. [7, pp. 45] □ 



We define the parabolic Hasse graph to be the set W p of vertices with arrows 
w — > w' if and only w — > w' in W. The lemma 3.2.2 says that the Bruhat 
ordering on W induces the Bruhat ordering on W p . 

The following lemma is a tool for comparing length of two elements in W p : 

Lemma 3.2.3. Let E be the grading element for the pair (g,p) and let 

w,w' £ W p , w' = s-yW and l(w') > l(w). Then w5(E) and w'S(E) are 
integers or half-integers and w5(E) — w'S(E) £ N. 



Proof. Let (BjQj be the grading associated to (g,p). It follows from lemma 
3.2.1 that 7 ^ S, so the 7-root space generator X 7 £ Qi for some i > 
and this implies j(E) = i £ N. We obtain w'S(E) = (s 1 w5)(E) = 
(wS — w5(Hj)j)(E) = wS(E) — iw5(H^). Using lemma 3.1.2, we see that 
wd^y) > 0. Recall that 5 = J2j w j ls integral and so is w5 for any w £ W. 
Therefore, w6(Hj £ N and w5(E) - w'8(E) = iw5(H y ) £ N. 

To show the half-integrality, recall that 5 = 1/2 2~^/3 G $+ /3 and w5(E) = 
1/2 *}2{w(3){E). For any root /3, w(3 is a root as well and w(3{E) is integral. 

□ 
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So, one way how to construct the parabolic Hasse graph is to find all p- 
dominant weights on the Weyl orbit of 5 and for any w'S = s 7 w5, one may 
use the last lemma to determine whether w' > w or w > w'. 

3.3. Standard and nonstandard homomorphism. Let Q be a semisim- 
ple Lie algebra and p a parabolic subalgebra. Assume, as before, that 
S = A — £ is the set of uncrossed nodes, i.e. S C A, a G S 44> Y~ Q G p 
where Y a is the generator of the (— a)-root space. We know from 2.3 that 
for \i G -P p f+ , Mp(n) is a highest weight module with highest weight \i and 
therefore 

M„( M ) = M([i)/Kn 
for some submodule of M(/x). 

It follows from 3.1.3 that for /j, G P p ++ and a G S, M(s a ■ //) C M(p) and 
the following lemma makes sense: 

Lemma 3.3.1. The kernel of the projection M(fi) — > M p (/x) is if^ = 
S«e5 ' A 4 ) ^ e SMTO °/ vector subspaces in M(/x) 

Proof. Let {j/j} be a basis of g_ and {Yj} be the set of generators of neg- 
ative root spaces in go- Because M(/x) — ► M((i)/K^ ~ M p (/z) is a g- 
homomorphism that maps 1 ® 1 to 1 (8> where u G is the highest 
weight vector in V M , it follows that the projection is given by 

yi . . . y k Yi ...Yi®\^y 1 ...y k ®{Y 1 ... Y h v) 

The right side is zero if and only if Y± . . . Y\v is zero in V^. 

The p-module is an irreducible g^-module, so it is a factor of the Verma 
module: V M ~ M ^(fx)/K' where M ^(//) is the (true) Verma module for 
the Lie algebra Qq s and K' is a maximal submodule of M ss(/i). S is the 
set of simple roots for Qq s , so it follows from corollary 3.1.5 that K' = 
Sags -^Bn s ( Sa ' A*)- Using elementary representation theory, we obtain that 
M g s" (s a ■ fi) is a submodule of M Q ss (/i) generated by Y^ Ha ^ +1 <8> 1 where Y a 
is the generator of the root space of root —a. The projection M & ss ( / u) — > V M 
is given by Yi . . . Yj <8> 1 i— > Yl . . . Y\v. Therefore, a vector Yi . . . Y\v is zero in 
V M if and only if Yl . . . Yj G U(qo) can be written down as a sum of vectors 

of type Y{ . . . Yl n Ya^ Hc ^ +1 1 summing over adS. So, as a g_-module, is 

generated by the vectors Y£^ Ha ^ +1 <8> 1 what is the highest weight vector of 
M(s a ■ fi) C M{p). □ 

Let /it, A be p-dominant and M(/i) C M(A). It follows from lemma 3.2.1 that 
for a G S M(s a ■ fi) C M(/x) and M(s a • A) C M(A). This implies ([21, pp. 
252]) that M(s a ■ ji) C M(s a ■ A) and, consequently, C K\ (representing 
both as submodules of M(A)). Therefore, for any fi, A G -fp ++ and a homo- 
morphism i : M(fi) — ► M(A) there is a well defined factor homomorphism 
of generalized Verma modules i : M p (/z) — > M p (A). 
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Definition 3.3.2. Generalized Verma module homomorphisms that are fac- 
tors of true Verma module homomorphisms are called standard. 

Standard homomorphisms are in general not injective, but a standard ho- 
momorphism M p (/i) — > M p (A) is unique up to multiple. 

Theorem 3.3.3. Let fi, A € Pp~ + , i '■ M(fi) — > M(A) 6e a homomorphism 
of Verma modules. Then the standard homomorphism Mp(fi) — > M p (A) is 
zero i/ and onfo/ i/ i/iere exists a £ 5 so that i(M(fi)) C M(s a • A). 



Proof. If M(ji) C M(s a • A) for some a G S 1 , it follows from lemma 3.3.1 that 
the standard homomorphism is zero. On the other hand, suppose that the 
standard homomorphism M p (/i) — ► M p (A) is zero. Lemma 3.3.1 says that 
-^(m) C 2^j = i M(s aj -A) where cci, . . . , a; are the simple roots in S*. Choose i 
to be so that M(fi) C £} =1 M(a Aj ■ A) =: B but M(^) g Y!fA M(s Q . • A) =: 
A. The module is a highest weight module with highest weight s ai ■ A, 
because M(s ai ■ A) is such. Let v„ be the generator of M(p) in M(A) (it is a 
weight vector of weight fi) and let 7r : B — > .B/A be the projection. Because 
M(/x) C -B, M(/x) ^ A, 7r(w M ) ^ in 5/^4 and it generates some highest 
weight module V M C S/A with highest weight /x. Applying corollary 3.1.8 
we obtain M(fi) C M(s ai - A). □ 

Theorem 3.3.4. Let X + 5 be strictly dominant, w,w' G VF P , w ^ w' in the 
parabolic Hasse graph for (fl,p) and assume that w-X, w'-X G -P p ++ - Further, 
let M(w' ■ A) C M(n; • A). T/ien t/ie standard map M p (w' ■ X) ^ M p (w A) 
is nonzero. 

Remark 3.3.5. /n [35], £/ie theorem is given only for X G 6nt i/ie 

proo/ works for non-integral X as well. Note, that for non-integral ( and not 
p-dominant) X, w • X may still be p-dominant and p-integral. 



Proof. Assume that the standard homomorphism is zero. Then it maps 
M(w' ■ A) into K ^ = J2 a eS M(s a w ■ A)). Lemma 3.3.3 states that this 
happens exactly if there exists a G S so that M(w' ■ A) C M{s a w - A). In 
such case, it follows from Theorem 3.1.3 that there is sequence of submodules 

M(s a w ■ A) D M{s 11 s a w ■ A) D . . . D M(s 7j . . . s 7l s a nj • A) = M(w' ■ A) 
and (s-y i _ 1 . . . s 7l s a t(j • X)(H li ) G N. It follows from lemma 3.1.2 that 

S^j • • • Sy-^SaW ^ S a W 

in the Weyl group. Because A + 5 is strictly dominant (not in the interior 
of the fundamental Weyl chamber) the equality w\ ■ X = u>2 • X implies 
wi = W2, especially w' = s 7j . . . s 7l s a n;. So, w' > s a w. Clearly, w' / s a w 
and so l(w') > l(s a w). This contradicts l(w') = l(w) + 1 = l(s a w) (lemma 
3.2.1). □ 
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In most cases, the assumption M{w' ■ A) C M{w ■ A) is superfluous. For this 
to be satisfied, it suffices to show [w ■ A)(i? 7 ) G N, where 7 is the root so 
that w' = s^w. Suppose that w ■ A and w' ■ A are both p-dominant. Then 
for any a G S (w 1 ■ X)(H a ) = (w ■ X)(H a ) - (w ■ X)(H 7 )^(H a ) G N. The 
first term (w ■ X)(H a ) is integral and to show that (w ■ X)(H^) is integral as 
well, it suffices to show that there exists a G S such that ^y(H a ) G {—1, 0, 1} 
(note that 7 ^ S" because s 7 ^ W p ). In the orthogonal Lie algebras, this is 
always satisfied except the case q = B n , S = {a n }. Our cases of interest will 
be mainly the algebras B n and D n with parabolic subalgebras determined 
by S = i.e. S = A — {a^} (so, we should be careful in the case 

Q = B 2 ,Z = { ai }). 

If A + 5 is on the wall of the fundamental Weyl chamber, we say that the 
Verma modules M(w ■ A) have singular character. Unfortunately, Theorem 
3.3.4 cannot be generalized to this case. We will give a counterexample 
here. Let us consider = B4, £ = {02}- We will represent elements of 
the Weyl group w by the weight w5. Let wS = ^[3, — 1|7, 5] and w'5 = 
(sjw)5 = — 3|7, 5] (7 = [1, 1 10, 0] ) . The grading element evaluation is 
w5(E) =3/2-1/2 = 1 and w'S(E) = 1/2-3/2 = -1. They are both 
strictly p-dominant, so w, w' G W p . The grading element evaluation w5(E) 
cannot be for any w G W p in this case, so it follows from lemma 3.2.2 and 
Theorem 3.2.3 that l(w') = l(w) + 1. Let w" = -3|7, 5]. We see that 

w" = spw' for (3 = [1, 0|0, 0] and similarly we can show that l{w") = /(«/) + 1. 
Choosing a = ct\ = [1, — 1 1 0, 0] and using lemma 3.2.1, we see that the full 
Hasse graph of g contains the following square (rj = [0, 1| 0, 0] ) : 



|[3, -1|7, 5] =w6 

,7 




|[-1,3|7, 5] — 3|7, 5] = w'5 



|[-1, -3|7, 5] = w"8 



Now let as choose a singular weight A + 5 = [3, 2| 1, 0] . Then w(X + 5) = 
[1, 0|3, 2] and w'(X + 5) = [0, -1|3, 2] are both strictly p-dominant. But the 
sp fixes w'(X + 5) and so w'(X + 5) = w"(X + 5): 
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[1,0|3,2] =w(X + 5) 




[0,1|3,2] [0, — 1|3, 2] =w'{\ + 5) 




[0, — 1|3, 2] = tt/'(A + (5) = u/(A + S) 

Using Theorem 3.1.3 we see that there exists a homomorphism of true Verma 
modules M(w' ■ A) — ► M(iu • A) (note that (iu • \)(H 7 ) = 1). Similarly, we 
see that M(w' ■ A) = M(w" ■ A) C M(s a w ■ A) and, applying Theorem 3.3.3, 
the standard homomorphism of generalized Verma modules M p (w' ■ A) — > 
M p (ti; • A) is zero. 

However, there are indications that in such cases there still exists a homo- 
morphism M p (w' ■ A) — ► M p (u; • A) but it is not standard. We can state the 
following conjecture, which holds in the known cases: 

Conjecture 3.3.6. Let w ^ w' in W p , M(w' ■ A) C M(w - A), w ■ A, w' ■ A € 
P p ++ . T/ien i/tere exisi a (standard or nonstandard) nonzero homomorphism 
M p (w' • A) Mp(w A). 

3.4. BGG graph. 

Definition 3.4.1. Let q be a semisimple Lie algebra, p a parabolic subalge- 
bra, Ash*. We will define the BGG graph for (q, p, A) as an oriented graph, 
where the vertices are p-dominant and p-integral weights on the affine Weyl 
orbit of A and there is an arrow \x — > v if and only if the following conditions 
are satisfied: 

(1) There exists a nonzero homomorphism Mp{y) — > M p (/i) 

(2) If there exist nontrivial homomorphisms 

MpH = Mp(£ ) - M p (Ci) - . . . - Mp(^_i) - Mp(^) = Mp(/x) 
i/ten j = 1 nontrivial we mean that they are nonzero and £j / 

e<+i;- 

We know from section 2.4 that an arrow — > v in the BGG graph describes 
an invariant differential operator acting between sections of associated vector 
bundles, induced by representations dual to V M , V v . 

Theorem 3.4.2. If X £ P ++ (in other words, A + 5 is integral and strictly 
dominant), then the BGG graph associated to (g,p,A) is isomorphic, as a 
graph, to the Hasse graph for (fl,p). 
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Proof. First, note that for A G P ++ , A+<5 is in the interior of the fundamental 
Weyl chamber and the map w G W p i-> if • A is a bijection from W p onto the 
set of p-dominant weights on the affine Weyl orbit of A. All these weights 
are integral. We will show that it is an isomorphism of the Hasse graph and 
the BGG graph as well. 

Let A G P ++ and w — > w' in the Hasse graph for (fj,p). Then /x := w ■ A 
and ^ := to' • A are both p-dominant and theorem 3.3.4 states that there 
is a nonzero standard homomorphism Mp(v) — > M p (p,). Assume that there 
exist nonzero nontrivial homomorphisms /j : M p (£j) — > M p (£j + i) for z = 
0, . . . ,j — 1, £o = ^ 5 Cj = A 4 - Let be the highest weight vector in 
Then 1 ® is the highest weight vector in M p (£j) and <8) v&) is a 
weight vector in M p (£j +1 ) of weight £j. Because M p (£j +1 ) is a highest weight 
module, it is easy to see that each weight vector of weight (5 fulfills [3 < 
Especially, £j < Because A G -P ++ , there exist a unique such that 

£i = «jj ■ A. The inequality Wi • X < itfj+i • A implies wi > itfj+i in the 
Bruhat ordering (lemma 3.1.1). Because £j / we S e t 7^ ^i+i an d 
u/ > wi > . . . > Wj = w. The assumption w ^ w' implies j = 1. So, both 
conditions (1) and (2) are satisfied and there is an arrow w ■ A — > it/ • A in 
the BGG graph. 

Assume, on the other side, that there is an arrow v — > /x in the BGG 
graph. Let u;, w/ G VF P be the unique elements so that fi = w ■ A and 
v = w' ■ \. Because there is a nonzero homomorphism Mp(y) — ► M p (/x), 
we again observe that < A and using 3.1.1, we see that w < w' . If 
/(w/) = /(u>) + 1, then w ^ w' and we are done. Assume, for contradiction, 
that l(w') > l(w) + 1. We know from lemma 3.2.2 that there exist Wj G W p 
such that w = wq — > i«i — > . . . Wj = w' . Choosing the weighs £j = Wi ■ A, we 
have 

MH = M(£„) C M(6) C . . . C M(&) = M( M ), 

j > 1. Theorem 3.3.4 implies that there are nonzero standard homomor- 
phism of generalized Verma modules M p (£j) — > M p (£j + i) for all i and we 
obtain, from the definition of singular Hasse graph that j = 1 what contra- 
dicts j > 1. 

So, we proved that — > w' in VF P if and only if w ■ A — > to' • A in the BGG 
graph. □ 

Definition 3.4.3. TTie singular Hasse graph for (g,p,A) is a graph where 
vertices are p-dominant and p-integral weights on the affine Weyl orbit of A 
and there is an arrow \i — > v if there exist w, w' G W p so that fj, = w ■ X, 
v = w' ■ X and w — > w' in W p (X + S is some ^-dominant weight on the orbit 
ofX + S). 

In the regular case (A G P ++ ), the singular Hasse graph is clearly isomorphic 
to the Hasse graph. Usually, we assume that A has singular character (i.e. its 
affine Weyl orbit does not contain any g-dominant weight) when we consider 
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the singular Hasse graph. If A + 5 is on the wall of the fundamental Weyl 
chamber, then the weight fi on the affine orbit of A does not determine a 
unique w such that fx = w ■ A. The conjecture 3.3.6 says that the singular 
Hasse graph is a subgraph of the BGG graph. 

We will give an example of singular Hasse and BGG graph computation that 
will turn out to be important later. Let g = D 4 = so (8, C) and £ = {ai} 

(in the language of Dynkin diagrams, p ~ x i.e. p consists of the 

Cartan subalgebra and those root spaces, the determining roots of which 
could be written as a linear combination of simple roots having nonnegative 
coefficient in the first simple root a±). 

Let us compute the Hasse graph for (g,p). If we represent a Weyl group 
element w £ W p by the weight wS, we know that W p consists exactly of 
elements w £ W such that w5 is strictly p-dominant. In this case, S = 
[3|2, 1, 0] and a weight [a\b\, 62, 63] is strictly p-dominant if and only if b\ > 
^2 > |&3 1- It follows from lemma 2.2.1 that the grading element evaluation 
is [a\bi, 62, H](E) = a. We state that (if we identify w ~ wS) the regular 
Hasse graph for (g, p) has the following form: 



[3|2,1,0] • 
1 

[2|3,1,0] • 
i 

[1|3,2,0] • 

/\ 

[0|3, 2, 1] • .[013,2,-1] 

\s 

[-1|3,2,0] . 

I 

[-2|3,1,0] . 

I 

[-3|2,1,0] . 



We see that each arrow in this graph corresponds to a root reflection. 
Moreover, the grading element evaluation decreases by one in each arrow 
w5 — > w'5 in this graph, so it follows from lemma 3.2.3 that l(w') = l(w) + 1. 
These are all strictly p-dominant weights on the Weyl orbit of 5, so we con- 
structed the regular Hasse graph for (fl,p). 

For any A G P ++ , the same graph with opposite arrows describes the struc- 
ture of standard homomorphisms of generalized Verma modules on the affine 
orbit of A. 
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0/3 

Further, let as consider a weight A := x — = ^ [ — 1 1 — 1, — 1, 1]- Then 
l iP i 

X + 5= x ef = ±[5|3,1,1] is on the wall of fundamental Weyl chamber, 

\> o 

so it has a singular affine orbit. 



The PF p -orbit of A + 5 has the following form: 



§[5|3,l,l]x 



|[3|5,1,1] x 



i[l|5,3,l] 




\>|[-1|5,3,-1] 



i[-3|5,l,-l] 



i[-5|3,l,-l]x 



The crosses x correspond to weights that are not strictly p-dominant, so, af- 
ter subtracting 5, the weights are not p-dominant and there are no associated 
generalized Verma modules for them. The nodes • are strictly p-dominant 
and the encircled weights coincide in this case. 

We see a general fact that the affine orbit of a singular weight A (i.e. A + 5 
is on the wall of the fundamental Weyl chamber) is smaller than the regu- 
lar one: some weights are "glued together" and some are not p-dominant. 
In our case, the only p-dominant weights on the affine Weyl orbit of A 

are A = x — S(f = |[1|5, 3, 1] - <5 = |[— 5|1, 1, 1] and fj, = = 

\> si 

\[— 1|5, 3, — 1] — 5 = \[— 7|1, 1, — 1]. We see immediately from the last dia- 
gram that the singular Hasse graph is A — ► fx in this case. 



We will show that the standard homomorphism M p (/x) — ► M p (A) is nonzero. 
If it is zero, then lemma 3.3.3 says that M(/x) C M(s Q -A) for some a £ S. So, 
there is a sequence M(/z) = M(// ) C M(/ii) C . . . C M(fi k ) = M{s a ■ A) C 
M(A), the weights fj,j are increasing and connected by affine root reflections. 
Let j be the largest number such that jiQ + <5, . . . , /Xj + 5 have — \ on the first 
position. So, /j,q + S, . . . , fij + 6 contain a sign-permutation of ^{5, 3, 1} on 
the 2-4 positions. If j > 0, M(fj,) = M(w p • fj,j) for w p £ W p and /j, j + S = 
w~ 1 (n + 5). For the p-dominant weight /J.+6, fi + S > w p + = fij + 5 for 
any w p G W p , but this contradicts the condition fi < jij. Therefore, j = 
and {hi + = — \ + A; for some G N (lemma 3.2.3). The inequality 
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A*fc + <5 > + ^ implies \ = (/j,k + 6)(E) > (fii + 5)(E) = — \ + k. This implies 
k = 1 and +S)(E) = i. Therefore, H\ + S has \ on the first position. The 
only possible root reflection s 1 such that s 7 (^[— 1|5, 3, —1]) = ^[1| something] 
is clearly 7 = [1, 0, 0, 1] and s 7 (/i + S) = fi± + <5 = A + <5. This contradicts 
M(/xi) C M(s a ■ A). 

We showed that the standard map M p (fi) — > M p (A) is nonzero and the BGG 
graph for (g, p, A) is A — > /U as well. 
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4. DlRAC OPERATOR IN ORTHOGONAL PARABOLIC GEOMETRY 



4.1. Singular orbit of a particular weight. We will generalize the ex- 
ample given at the end of chapter 3. 

Lemma 4.1.1. Let q = D n+ \ = so(2n + 2,C), n > 2 and let p be the par- 
abolic subalgebra corresponding to S = {ai}, i.e. p = X e ... a^. 

Then choosing 

\= l[-2n+l|l,l,...,l] and M = -[-2n - 1|1, 1, . . . , 1, -1], 

or, in the language of Dynkin diagrams, 

-n 0/> 1 -n-1 0/° 

A = X e ... e( , /i = x e 



SO >0 1 

i/jere exists a unique (up to a multiple) nonzero standard homomorphisms 
of generalized Verma modules 

M p (jj) - M p (A) 
anc? the BGG graph for (g, p, A) is A — > /x. 

Similarly, for the weights 

A' = i[-2n + l|l,l,...,l,-l] and M ' = ±[-2n - 1|1, 1, . . . , 1, 1], 

there also exists a unique (up to multiple) nonzero homomorphisms of gen- 
eralized Verma modules 

M p (ji') - Mp(A') 
and the BGG graph is X' — > //. 



Proof. First, we find all strictly p-dominant weights on the Weyl orbit of 
A + 5 = \[-2n+ 1|1,...,1] + [n|n- l....,l,0] = ±[l|2ra - 1, . . . , 3, 1]. The 
condition of strict p-dominance implies that the weights must be of the 
form [a\b±, . . . , b n ], where b\ > ... > b n -\ > \b n \ and {a,b±, . . . ,b n } is a 
sign-permutation of {2n — 1, . . . , 3, 1, 1} with an even number of minuses, so 
\ + 5 = \[l\2n- 1, . . . ,3, 1] and n + 5 = |[-l|2n-l, ... ,3,-1] are the only 
possibilities. 

We see that fi = s 7 A = A — 7 for 7 = [1, . . . , 0, 1] and we know from 
theorem 3.1.3 that for true Verma modules, M(/j,) C M(A). Suppose that 
the standard map M p (/i) — > M p (A) is zero, so there exists a £ S so that 
M(fi) C M(s a ■ A). So, there is a sequence M(/i) = M(/i ) C M(^i) C 
... C M(/ifc) = M(s a • A) C M(A), the weights /ij are increasing and 
connected by affine root reflections. Let j be the largest number such 
that (no + S)(E) = -i, ... + S)(E) = -\. So, fi + 5, . . . , fij + 5 
are of the form ^[—l\b\, . . . ,b n ], where {b\,...,b n } is a sign-permutation 
of {2n — 1, . . . , 3, — 1}. It follows that these weights are on the VFp-orbit of 
fi. But fi is p-dominant, so all the other weights on its Wp-orbit are smaller. 
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Therefore, j = 0. Further, (/xi + S)(E) must be ^, because (A + 5)(E) is \ 
and the weights Hj are increasing with increasing j. The only root reflection 
which maps ^[l|2n — 1, . . . , 3, 1] to \[— l|6i, . . . , b n ] is clearly the reflection 
s 7 and [Xi = A. We obtained 

M(fii) C M(s Q • A) C M(A) = M(fii) 

which is a contradiction. Therefore, the standard homomorphism M p (fi) — ► 
M p (A) is nonzero. 

The proof for A', // is similar. □ 

Lemma 4.1.2. Lei g = i? n +i = so(2n + 3, C), n > 1 and p be the parabolic 

subalgebra corresponding to £ = {cti}, p = x e ... a > o . TTien 

c/ioosino 

i - > 

or, in £/ie language of Dynkin diagrams, 

-n-\ 1 -"-§ 1 

A= X e ... a > e , /j,= x e ... a > a , 

i/iere exists a unique (up to a multiple) nonzero standard homomorphisms 
of generalized Verma modules 

M p (jj) - M p (A) 
and the BGG graph for (q, p, A) is A — > /x. 



Proof. In this case, 5 = ^ [2n+l, . . . , 3, 1] and the weight A+5 = [| |n, . . . , 2, 1] 
is on the orbit of A + 5 = [n\n — 1, . . . , 2, 1, ^] that is regular but not in- 
tegral. A weight [a\b\, . . . , b^] is strictly p-dominant and p-integral if and 
only if b± > . . . > b n > and the 6j's are all integers or all half- integers. 
The only strictly p-dominant and p-integral weights on its orbit are A + 5 
and jJL + 5 = [— . . . , 2, 1]. They are connected by reflection with re- 
spect to the root e±. There is a unique w taking A + 5 to A + 5, namely 
wS = ±[l|2n - 1,...,5,3] and a unique w' taking A + 6 to fi + 5, namely 
w'6 = ^[— l\2n — 1,...,5,3]. The grading element evaluation differs by 
1 and w' — s ei w, so it follows from lemma 3.2.3 that there is an arrow 
w — ► w' in the regular Hasse graph for (g,p). Because \i = A — ei, it 
follows from Theorem 3.1.3 that M(/z) C M(A). All the conditions of The- 
orem 3.3.4 are satisfied, so there exists a nonzero standard homomorphism 
Mpdi) - M p (A). ' □ 



4.2. The real version. Let us now suppose that q = so(n + 1, 1;M) is the 
real Lie algebra consisting of matrices invariant with respect to the quadratic 
form xox n +i + Y^j=i x "j an d P is the (real) parabolic subalgebra killing a 
chosen line in the null-cone. In matrices, elements of q are represented as 



R 


01 


o 1 


0-1 


so(n) 


01 





0-1 


R / 
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The negative part g_i ~ W 1 is the fundamental defining representation of 
so(n) C go via the adjoint action and go = so(n) © K. 

We assume that g is naturally embedded into its complexification g c = 
so(n + 2, C) and that the Cartan subalgebra, positive roots and fundamental 
weights of the complexification are given like before. The complexification 
of p is exactly the parabolic subalgebra corresponding to 

x — & 

in case n is even and 

x — e . . . a > o 

in case n is odd. 

Let (i, A be elements of b c from lemma 4.1.1 or 4.1.2, Y\, resp. V„, be 
representation of p c with highest weight A, resp. fj,. Via restriction, they are 
(complex) representations of the real form p as well. 

As vector spaces, the generalized Verma modules for real Lie algebras and 
complex inducing representation are isomorphic to the generalized Verma 
modules for the complex Lie algebras: 

(4.1) M p c(/x) := U{q c ) ® w(pc) V m ~ U{q) ® u(p) V M =: Mpfa). 

The first product is over the complex universal enveloping algebra U(p) (that 
is a factor of the complex tensor algebra) and the second is over the real 
universal enveloping algebra U(p). 

As vector spaces, 

M„c(/i) -W( B c _)® c V^W(g 
and the middle isomorphism is given by 

((yi © ci)(y 2 ® c 2 ) • • • (yk © c fc )) ®v ^ 
for yj e Cj G C and t> G V M . 

This vector space homomorphism is compatible with the action of g C g c on 
both spaces, i.e. it is a g-isomorphism. The same is true for any p c -dominant 
and p c -integral weight //, in particular M p c(A) ~ M p (A). 

Because we know from the previous section that there exists a unique (up to 
multiple) g c -homomorphism M pc (/i) — > M pc (A), it follows that there exists 
a unique (up to multiple) nonzero homomorphism of the real generalized 
Verma modules M p (/i) — ► M p (A) in this case as well. 

4.3. Description of the differential operator. Let g,p be as in the last 
section, G = Spin(n + 1, 1) the real Lie group with Lie algebra g, P the 
parabolic subgroup of G fixing a line in the null-cone so that the Lie algebra 
of P is p. Let Va and V M be representations of p c as in lemma 4.1.1 (in 




_)® K V M ~M p (/x) 

{yiV2 ■■■yk)® (cic 2 . ..c k )v 
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case n is even) or lemma 4.1.2 (in case n is odd). By restriction, they are 
complex representations of the real Lie algebra p and of the real Lie group 
P as well (P is simply connected). The duality between homomorphisms 
of generalized Verma modules and invariant differential operators yields a 
nonzero invariant differential operator D : T(G Xp V A ) — > T(G x V*) acting 
between the spaces of smooth sections. 

Lemma 4.3.1. The operator D is of first order. 



Proof. We know from section 2.2 that for a weight A = [a\b\, . . . ,bi] the 
evaluation on the grading element is X(E) = a. Using Theorem 2.4.1 and 
the definition of fi, A yields the order to be 

(|[2fc + l|. .. ,3,1]- |[2Jb-l|... ,3,-l])(£) = ^-^ = l 
in the even case n = 2k and 

{[\\2n - 1, . . . , 2, 1] - [-i|2n - 1, . . . , 2, 1])(E) = \ - (-1) = 1 
in the odd case. □ 



To describe the operator D, we will embed the vector space 0_ into G/P by 
the exponential 

i : g_ -> G/P, y i-> exp(y)P. 

It is known that i is injective and the image is an open dense subspace 
in G/P. 

We will identify g_ with its image under i. To any section s £ T(G x p V) 
such that s(gP) = [g, v]p we can assign a V- valued function / on g_ defined 
by 

(4.2) f:Q_^Y,y^v, where s(i(y)) = [exp(y), v] P . 

On the other hand, to any such function with compact support we can assign 
the corresponding section s by s(exp(y)P) = [exp(y), f{y)\p for !/Gg_ and 
s = OonG/P-exp(s_)P. 



The space 0_ is endowed with a basis 





























where ej = (0, . . . , 0, 1, 0, . . . , 0) T is the j-th vector of the standard basis of 



In the even case, the Y\ and V^, as a representation of Qq s = so(n), are the 
fundamental spinor representation S* + and S~ . Assume that S = S* + © S~ 
is realized as a subspace of the Clifford algebra Cliff (n,C), so that S is 
a minimal left ideal and S + and S~ are its so(n, C)-invariant subspaces. 
In case n is odd, ~ Va — S as a gg^-module, where S is the unique 
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fundamental spinor representation of so(n,C), again realized as a minimal 
left ideal in Cliff (re, C). In both cases, the Clifford multiplication M. n ®S — > S 
is well defined. 

Let us denote by Va* the spinor bundle G Xp (Y* x © Y* x , ) in case re is even 
(see lemma 4.1.1 for definition of A, A') or G x p V A in case n is odd (see 4.1.2 
for the definition of A in this case). Similarly, define V M * to be the vector 
bundle G Xp (V* ©V*,) for re even and G Xp V* for n odd. We can consider 
the operator D as acting between T(Va*) and T(V M *). To each section s of 
Va*, resp. V M *, we assign a function / : g_ — > S defined by (4.2). 

Theorem 4.3.2. Let s G T(Va») and s' € T(V M *) are sections and f,f : 
Q- — > 5 i/ie spinor valued functions corresponding to s and s' under the 
above identification. Assume that s' = Ds. Then f = Y^j &j ■ o^/, &j being 
the standard basis ofW 1 . 

Remark. Therefore, we call the operator D "Dirac operator" . 

Proof. Recall that go — so(n) © R and the group Go corresponding to go 
contains Spin(n). Let us choose g £ Spin(n) C Go C P C G and y 6 g_. 
The identity g exp(y)g~ 1 = exp(Ad(g)y) yields gex.p(y)P = exp(Ad(^)y)P 
and therefore the action of Spin(n) on g_ (identified with a subset of G/P) 
is the adjoint action. It is easy to check that g_ with the adjoint action 
of so(n) C go is the fundamental defining representation of so(n) and so 
g_ ~ W 1 is the fundamental defining representation of Spin(n) as well. 

We know from construction that the operator D is G-invariant, it means it 
commutes with the action of G on sections. The action of g € G on s can 
be described by 

g-s{x) ■=g(s(g' 1 -x)), 

where on the right hand side, the actions of g are on G/P and on the spinor 
bundle G Xp S. So, if s is described by a function / on g_ and g G Spin(n), 
the equation reads 

(g • s)(exp(y)P) = (/([expCAd^" 1 )^))^ /(Ad^ 1 )^)^) = 

= [ 5 e X p(Ad( 5 - 1 )(y))P,/(Ad( 5 - 1 )(y))] P = 

= bexp(Ad(^ 1 )(y))^ 1 ,( ? (/(Ad( 5 - 1 )(y)))]p = 

= [e X p(y), 5 (/(Ad( 5 - 1 )(y)))] P 

so we see that (g • f)(y) = gifig^ 1 • y)) is the usual action of Spin(n) on 
spinor valued functions. So, D is invariant (acting on spinor valued functions 
on g_ ~ W 1 ) with respect to the spin group (considering R n and S as the 
defining and spinor representations). 

Further, choose g = exp(yo) for some yo £ g_. Then exp(yo)(exp(y))P = 
exp(y + yo)P because g_ is commutative. We see that the action of exp(yo) 
on g_ (identified with a subset of G/P) is just yo-addition. Further, the 
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action of exp(y ) on / is (exp(y )(/))(y) = f{y-yo), because, if / represents 
the section s, 

(exp(y )s)(exp(y)P) = exp(y )(s(exp(y - y ))) = exp(y )[exp(y - y ), f(y - y )] P = 
= [exp(y),/(y-y )]p- 

This means that the operator D is invariant with respect to Spin(n) and 
with respect to W 1 (translation) as well. 

The invariance with respect to Spin implies that Df(0) = ^(Ylj £j <8> ^r(O)) 
for some Spin(n)-homomorphism 

vr : (R n )* ®S^S 

where {ej} is the dual basis to the standard basis {ej} of W 1 and {xj} are 
the coordinates on R n with respect to the basis ej. 

The invariance with respect to translations implies that for each y £ W l 

We know from [12] that such a homomorphism it is unique (up to multiple), 
namely ir{J2j e j® v j) = e j' v j ((') i s the Clifford multiplication), so D is the 
Dirac operator D = V ■ e j " d?. ^ 



Note, that the operator D acts between sections of vector bundles associated 
to representations 



§-1 0/0 f-1 0/° i 



x e ... ef x & 







and 



V;©V^,~^ e ... < ©^ e 



si 

in the even case and between sections of vector bundles associated to 

§-i o oi § o 1 

~ x e . . . ec^s and V* = % e . . . e^=s> 

in the odd case (this can be derived easily using the definition of the weights 
in 4.1.1, resp. 4.1.2, considering that here, the rank is not n but n/2, 
resp. n/2 — 1/2, and using the fact that the action of the center of go on 
the dual representation V* is just the negative of its action on V). 



Further, note that the bundle G — > G/P can be reduced to the standard 
spin structure Spin(n + 1) — > Spin(n + 1)/Spin(n) on the sphere by choos- 
ing a Weyl structure on G — > G/P (see [15]) and factorizing the center of 
Go- Under this reduction, the operator D : r(Spin(n + 1) Xg pin ( n ) S) — > 
r(Spin(n + 1) Xg pin( - n ) S) is the Dirac operator on the sphere, associated to 
the usual Euclidean metric, see [25] for details. The Dirac operator D can 
be defined also on curved analogues of this and is still conformally invariant. 
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4.4. More Dirac operators. Consider now a pair of real Lie algebras (5, p) 
described by the Dynkin diagram 



or, equivalently, q = Dk+ n = So(2{k + n)), T, = {at}- Using the formalism 
of chapter 2.1, the matrices in g are graded like this: 



/ 00 



0-1 



\ 0-2 



01 



00 



0-1 



02 \ 



01 



00 / 



Theorem 4.4.1. Choosing 



and 



A = -[-2n+l,...,-2n+l|l,...,l] 



H = -[-2n + 1, . . . , -2n + 1, -2n - 1|1, . . . , 1, -1], 



-n 
e X e- 



or, in the language of Dynkin diagrams 

(4.3) A= o ... 

and 

1 -n-l 

(4.4) fi = e ... e e * e- 



0/W 1 



0/5 



there exists a unique (up to a multiple) nonzero standard homomorphisms 
of generalized Verma modules 

M p (jj) - M p (A) 

and the corresponding (dual) differential operator is of first order. Analogous 
statement holds for the weights fi' and A' having interchanged and 1 over 
the last positions in the Dynkin diagram. 



Proof. Notice that A + 6 = ±[2k - 1, . . . , 3, l|2n - 1, . . . , 3, 1] and /i + 6 = 
^[2fc— 1, . . . , 3, — l|2n— 1, . . . , 3, 1]. Clearly, they are both strictly p-dominant 
and = s^ ■ A = \ — 7 for 7 = [1, 0, . . . , 0, 1], so M(/x) C M(A). Suppose, for 
contradiction, that the standard map M p (/x) — > M p (A) is zero. Again we find 
a sequence of submodules M(fi) = M{hq) C . . . C M(s a ■ A). Similarly as in 
the proof of 4.1.1, we can show that fJ>i(E) = [io(E)+l = X(E). Let 71 be the 
reflection so that fii+S = s 7l (/io+5). Grading element evaluation is the sum 
of the first k coordinates in the expression of the weights, so s 71 , applied to 
7}[2k— 1, . . . , 3, — l|2n— 1, . . . , 3, —1] increases one of the first k coordinates by 
one. If 71 = 7, it follows fii = A and we obtain a contradiction with M(m) C 
M{s a ■ A), similarly as in the proof of 4.1.1. The only other possibility is that 
some 2j — 1 will be replaced with 2j + l, i.e. [ii + 5 = \[2k — 1, . . . , 2j + l, 2j + 
1, 2j - 3, . . . , 3, -l|2n - 1, . . . , 2j + 3, 2j - 1, 2j - 1, . . . , 3, -1]. This weight 
should be strictly smaller than A, but again, this is a contradiction, because 
the weight difference — A = [0, . . . , 0, 1, something] cannot be expressed 
as a sum of negative roots (negative roots are just [. . . , — 1, . . . , 1 . . .] and 
[...,-!,...,-!...]). □ 
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A similar theorem holds for the odd case: for g = B k+n , £ = we can 

choose A = [-n, . . . ,-n\l/2, . . . ,1/2] and // = [-n, . . . ,-n- l|l/2. . . ,1/2]. 
To prove the existence of a nonzero M p ( / u) — > M p (A) , it suffices to use 
Theorem 3.3.4 in this case (the proof is absolutely analogous to the proof of 
lemma 4.1.2 and will be omitted). 

4.5. Description of the operator. Let us choose a real form g = so(n + 
k, k) of the Lie algebra from the previous section generating the simply- 
connected Lie group G = Spin(n + k, k) that fixes the inner product 

k n 

^2 XiX n+2 k+l-i + ^2 X k+j 
i=l j=l 

(it has signature (n + k,k)). Let P be the parabolic subgroup and p its 
Lie algebra, so that the complexification (g c ,p c ) is isomorphic to the pair 
from the last section (g = D k+n j 2 in case n is even and Bk+(n-i)l2i if n is 
odd). The reductive part is go = sl(k,M.)®so(n) ©ME 1 and, as a go-module, 
g_i ~ ((M fc )* (gi]R n ), the product of dual resp. defining representations of 
sl(fc,M), resp. so(n). The g_2 component is commutative. We will consider 
the case n is even, the odd case is analogous. Let fi, A be weights like before 
and consider and Va to be complex representations of the real Lie algebra 
p (given by restriction of the complex representations of p c to the real form) 
and of the Lie group P. From the expression of jjl, A in (4.4) and (4.3) we 
see that, as a gQ S -module, ~ C k * S~ and Va = C (g> S + where C k resp. 
C are the defining resp. trivial representation of sl(/c,M). 

We know from the isomorphism (4.1) and Theorem 4.4.1 that there is a 
nonzero homomorphism of generalized Verma modules M p (p) — > M p (A) in 
this case as well. 

The corresponding differential operator acts between sections of dual repre- 
sentation: 

D:r(Gx P (C® S~)) -^T(Gx P (C k S + )), 

resp. 

D : T(G xp (C <g> S + )) -^T(Gx P (C k ® S~)), 

where we identified (S^)* ~ S T , resp. (S^)* ~ S^, depending on the parity 
of n/2 (see section 2.5). We will assume that Y* x ~ S~ , the other case is 
similar. 

Assume that s is a section of G Xp (C <8> S~) and / the associated C <S> S~ ~ 
^"-valued function on g_, defined by (4.2). The coordinates on g_i can 
be chosen to be y u , y ln , . . . , y kl , . . . , y kn and on g_ 2 yi, . . . , y t . To the 
section Ds we assign a function Df : g_ —>■ C k ® S + which can be naturally 
identified with k 5 + -valued function D\(f), . . . } D k {f). 

Assume that / is constant in the g_2 variables yi,---,yi, so, it can be 
considered as a function of yij only. The same argument as in the proof 
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of Theorem 4.3.2 shows that the action of g G Go on i(y) = exp(y)P for 
y G g_i is i(y) ^ i(Ad(g)y). We know that g_i ~ (R k )* (giW 1 as the adjoint 
representation of Go and we easily derive that the action of g G Spin(n) on / 
is • ,Vk) = g{f{g~ l -Vi, ■ ■ -,9~ l -Vk)) and the action of g G SL(fe) 

is (g ■ f)(yi, ■ ■ ■ , yjfc) = f({yi, yk)g) (SL(fc) "mixes" the variables and the 
dual defining action of gr 1 on (yi, . . . , y fc ) is (yi, . . . , yjt)y). 

Lemma 4.5.1. T/ie function Dj(/)(yi, . . . , y&) depends only on 

f(yi,---,yi-i,y,yi+i,---,yk), y g R n 



Proof. Due to the fact that L> is a first order differential operators, the value 

Di{f)(yi,...,y k ) 

depends only on f(y u . . . , y k ) and the derivatives g^r/(yi, • • • , yfc), j = 
l,...,n. It suffice to prove that D\{f){y\, y 2 ) does not depend on g^r/ 

for k = 2, the general case follows easily. Let us choose g = ^ ^ 

SL(2,R) for some if / 1. The invariance of D implies 

(4-5) (g-(Df))(y 1 ,y 2 ) = (D(g-f))(y 1 ,y 2 ) 

The function (y • /)(yi,y 2 ) = /((yi,y 2 )y) = f(Ky u K- 1 y 2 ). The left hand 
side of (4.5) is 

X \ (DrfiKy^K-iyi)} = f K(D l f)(Ky u K- l y 2 ) 
K- 1 J \D 2 f(K yi ,K-±y 2 )) \K^(D 2 f)(K yi , K^y 2 ) 

Because D is linear and first order, Dif(Ky±,K~ 1 y 2 ) depends linearly on 
/|/ and |/ : 

J ' dyi dy 2 

Dl f = Af + B^- + Cp- 
oyi oy 2 

in the point (Kyi, K~ 1 y 2 ). Comparing the left and right side of the first 
component of (4.5), we obtain that 

K(Af + B%L + g|^) = / + KA^- + K~ l C^- 
oyi oy 2 dyi dy 2 

This holds for any / and we see that A = C = and D\f(Ky\,K~ x y 2 ) 
depends only on □ 

Theorem 4.5.2. The operator D, considered as acting on functions on g_i 
(i.e. on functions being constant on Q- 2 ) has the following form: 

3 

Therefore, we call D the "Dirac operator in k variables". 



Proof. Again, we can restrict to k = 2 for simplicity. Prom the previ- 
ous lemma it follows that D 1 (f)(y 1 ,y 2 ) = D 1 (f)(y 1 ,y 2 ) where f(y[,y 2 ) := 
f 5 2/2 ) does not depend on the second variable and can be represented 
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by a function / of one (vector) variable y[: f(y[) ■= f(y[,y2)- The group 
Spin(n) C Go acts on / by 

(g • /Vi)) = iafWnm) = ^/VYi^ -1 ^)) = y(/VVi)) 

where Spin(n) acts on W 1 by the fundamental representation. From the 
previous lemma Dif(y' 1 ,y' 2 ) = Dif(y[,y 2 ) and so, it can be represented by 
a function (Dif)(y' 1 ) of one variable. So, D\ can be considered as acting 

on functions / of one variable and the invariance of D with respect to g G 
Spin(n) C G C G 

g({D l f)(g- 1 y 1 ,g' 1 y 2 ))=D l (g- f)(y u y 2 ), i = 1, 2 

implies that D\, acting on spinor valued functions in one variable y[, is 
Spin(n)-invariant as well. 

Let y G g_i be a vector with entries in the first column, y = (yi,0). The 
action of g = exp(y) on s is 

(exp(y)s)(exp (y 1 ,y 2 )P) = exp(y)(s(exp(-y) exp (yi,y 2 )P)) = 
exp(y)[exp((-yi,0) + (yi,y2) + V3)P, f((-yi + 2/1,2/2) +ys)]p 
where y% G g_2- Now we use the assumption that / does not depend on g_2 
and /((-yi + 3/1,2/2) + 2/3) = /(-yi + ^1,^2)- The last equation is equal to 
[exp(yi, y 2 )P, /(— yi+yi, 2/2)] p and if we represent the section s by a function 
/, the action of 5 is just (g ■ f)(yi,y 2 ) = f(-yi + yi,V2)- But this means 
that Di, acting on a function of one variable /, is invariant with respect 
to translations and Spin(n) group as well, so similarly as in the proof of 
Theorem 4.3.2, we obtain that 

Di{f){yi,y 2 ) = £>i(/)(yi,y 2 ) =^e j d 1 jf(y 1 ,y 2 ) =^2e j d hj f(y 1 ,y 2 ) 

j 3 
Similarly for D 2 . □ 



Note that the operator D acts between sections of dual representations 
V^,V*, with highest weights 



§-1 0/0 

cs . . . e x e ... — 



1 

1 f-1 0^° 1 

g 0. . . e x e ... — 



in the even case (the and 1 on the last positions may be reversed, depending 

on the parity of n/2) and 

f-i 01 
~ o . . . g x e . . . a > o 

10 §-1 1 

V* = g e . . . e — =-x e . . . st^ss 

in the odd case (note that the weight coordinate over the crossed node does 
not change here). 
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5. Singular orbit corresponding to k Dirac operators 

5.1. Even dimension, k < n. Let g = Dk +n = so(2(n + k),C), p its 
parabolic subalgebra corresponding to 

g . . . g x e- 

where the k-th. node is crossed (X = {«&}). We have seen in chapter 
4 that there exists a nonzero homomorphism of generalized Verma mod- 
ules M p (fi) ->■ M p (A) where n + 5 = \[. . . , 3, -1| . . . , 5, 3, -1] and A + 5 = 
\[. . . ,3, 1| . . . , 5, 3, 1]. We will investigate now the singular orbit of A and 
its singular Hasse graph in case k < n. 

Lemma 5.1.1. Let k = 2, n > 2. Then the singular Hasse graph for (g, p, A) 
is 

. |[3,1| ...,3,1] -5 
. |[3,-1| ...,3,-1] -5 
. |[l,-3j ...,3,-1] -5 
. |[-1,-3| ...,3,1] -5 

Proof. The weights fi+6, X+5 are on the Weyl orbit of the g-dominant weight 
~\ + 5 = i[2n - 1,...,7,5,3,3, 1,1] that is on the wall of the fundamental 
Weyl chamber, so we see that they have singular character. If v is on the 
affme Weyl orbit of A and p-dominant, it means that v + 5 is on the Weyl 
orbit of A + 5 and strictly p-dominant. In coordinates, v + 8 consists of sign- 
permutation of ^{. . . , 7, 5, 3, 3, 1, 1}. A weight [a\, G12I&1, • • • , b n ] is strictly 
p-dominant, iff a\ > ai and 61 > . ..,6 n _i > \b n \. Therefore, v + 5 = 
^[01,02! . . . , 7, 5, 3, ±1] where (01, 02) is some decreasing sign-permutation 
of (3, 1) and the number of negative coordinates is even. There are only 4 
such possibilities: 

i[3, 1| . . . ,3, 1], i[3, -1] . . . , 3, -1], i[l, -3| . . . ,3, -1], -3| . . . ,3, 1]. 

To show the existence of |[3, 1| . . . , 3, 1]— 5 — > ^[3, — 1| . . . , 3, — 1]— 6, consider 
w G W p taking 6 = [...,2,1,0] to w5 = [2, 0| . . . , 4, 3, 1] and w' taking 6 to 
w'S = [2, — 1| ... , 4, 3, 0] . It is easy to see that w(X + 5) = |[3, 1| . . . , 3, 1], 
w'(X + 5) = i[3,-l| ... ,3,-1] and w' = s y w for 7 = [0, 1, 0, . . . , 0, 1]. We 
know from lemma 3.2.2 that there exists Wj £ W p such that w — > w\ — > 
. . .Wj = w' . Further, if E is the grading element, we see that (w'5—w5)(E) = 
(2 + 0) -(2-1) = 1 and it follows from lemma 3.2.3 that l(w') = l(w) + l. So, 
w — > w' in the Hasse graph and |[3, 1| . . . , 3, 1] — <5 — > ^[3, — 1| . . . , 3, — 1] — <5 
in the singular Hasse graph. 




41 



To show the second arrow, let w £ W p be the element that takes 5 = 
[...,3,2,1,0] to [2,— 1| ... ,4,3,0] and w' takes 5 to [1, -2| ... ,4,3,0]. We 
see that w' = s^w, where 7 is the positive root [1, 1, 0, . . . , 0]. In this case, 
w5(E) = 1 and w'5(E) = — 1, so the difference is 2. But the grading element 
evaluation w"5(E) cannot be zero for any w" € W p in this case, because it 
is the sum of 2 different integers. Therefore, w — ► w' in the parabolic Hasse 
graph and there is an arrow [3, — 1| . . .] — 5 — > [1, — 3| . . .] — 5 in the singular 
Hasse graph for (g,p,A). 

Similarly, one can show that there is an arrow 3| ... ,3,-1] — 5 — > 

\[— 1, — 3| . . . , 3, 1] — 5 by choosing w taking 5 to [0, — 2| . . . , 4, 3, —1] and w' 
taking 5 to [— 1, — 2| ... ,4,3,0]. □ 



We know that for a generalized Verma module homomorphism Mp(/x) — > 
M P (A) the difference (A — n){E) is the order of the dual differential oper- 
ator, if it is one or two. Conjecture 3.3.6 implies that each arrow in the 
singular Hasse graph corresponds to a nonzero invariant differential opera- 
tor between sections of bundles associated to dual representations. In the 
following pictures, we will draw in the singular Hasse diagrams q lines be- 
tween A and //, if (A — n)(E) = q £ {1, 2}, i.e. the dual operator, if it exists, 
corresponds to the operator of order q (Theorem 2.4.1). In particular, the 
middle operator in our case is of second order, so we can draw the singular 
Hasse graph 



in this case. 

Theorem 5.1.2. Let (g,p, A) be like at the beginning of this section, assume 
k > 3, n > k and let Sk : n be the singular Hasse graph associated to it. Then 
Sk^n contains two disjoint subgraphs S 1 and S 2 , both isomorphic to 5fc_i jTt . 

It follows that S 1 contains S 1,1 and S 1 ' 2 , both copies of Sk-2,n- Similarly, 
S 2 contains S 2 ' 1 and S 2 > 2 . Let <j> u {<h) ■ S k _ 2 ,n -»• S 1 ' 2 {S 2 > [ ) be the iso- 
morphisms, respectively. Then each element <pi(fi) of S 1 ' 2 is connected to 
the corresponding element 02 (a 4 ) in S 2,1 by an arrow, that corresponds to a 
second order differential operator. 

This describes all the singular Hasse graph of (g,p,X). 

Graphically, the Sk, n has the following fractal- shape: 
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5 2.2 





Definition 5.1.3. From the lemma 5.1.1 and Theorem 5.1.2 it follows in 
case k < n, the shape of the graph S^n depends only on k. Therefore, we 
can denote this graph by Sk- We also define Sq to be a one-point graph. 

These pictures show for k = 3, 4 (the arrows goes from up to down and 
from right to left): 



k = 3 



fc = 4 



Proof. Let us denote Qk,n = so(2(n + k)), pk, n the parabolic subalgebra from 
the beginning of this section, and similarly, 5k, n = [n + k — 1, . . . , 1, 0], 

A fc ,n + <5fe, n = \[2n - 1, 2n - 3, . . . , 2k - 1, 2k - 1, 2k - 3, 2k - 3, . . . , 3, 3, 1, 1] 
elements of f)^ n , the (k + n)-dimensional Cartan subalgebra. 



We find all the weights v so that v + 5 is on the Weyl orbit of ^[2k — 
1, . . . , 3, l\2n — 1, . . . , 3, 1] and strictly p-dominant. The condition k < n 
implies that v + 8 = |[. . . |2n — 1, . . . , 5, 3, ±1] and on the first k positions 
there is a strictly decreasing sign-permutation of \{2k — 1, . . . , 5, 3, 1}. Let 
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S 1 be the set of weights of the type \[2k — 1, . . . |2n — 1, ... , ±1] and S 2 the 
set of the wei ghts |[...,-(2fc-l)|2n-l,...,±l]. Clearly, S k , n is a disjoint 
union of S 1 and S 2 . 

We define a map i : <Sfc_i n ► S , 

^[ai, . . . ,a fc _i| . . . ,3,±1] -S k -i, n ^ ^[2fe- l,ai, . . . ,a fc _i| ... ,3,±1] - <5 fe , n 

We will show that it is a graph isomorphism. First, note that it is a 
bijection on the set of vertices because any decreasing sign-permutation 
\{a\, . . . , ctfc_i) of \{2k — 3, ...,3,1} is strictly decreasing if and only if 
\(2k — 1, ai, . . . , afe_i) is strictly decreasing. 

Suppose that there is an arrow 

^[ai,...,a fc _-i|6i,...,6„] - 5 -> ^[a[, . . . ,4-il&i; . . . ,b' n ] 

in the singular Hasse graph for (Qk-i,n,Pk-i,n,^k-i,n)- The first weight, 
\[a\b\ = w(X k -i jTl + 5fc-i,n) and the second weight ^[a'|6'] = w'{\k-i, n + 
fik—in) f° r som e w — ► to'. Let t«(5 = [xi, . . . , Xfc_i|yi, . . . , y n ] and u/<5 = 
[x' ± , . . . , • • • ,y^]- Note that all x; L and x'- are strictly smaller then 

2(k — 1), because 

w(A fe _i+6fc-i) = w-[2(n+k)-3, 2k+l, 2k-l, 2k-3, 2k-3, . . . , 3, 3, 1, 1] 

contains a number smaller or equal than 2k — 3 on the first position (which 
is at a position less than 2{k — 1) from the right). 

Let i(w),i(w') be elements oiW^ n satisfying i(w)5k^ n = [2k— 1, x±, . . . , . 
and i{w')5k,n = [2fe — 1, x' l7 . . . , x',_ 1 | . . .]. The dots . . . don't mean yj's but 
something uniquely determined by the first k coordinates (the first k coordi- 
nates determine uniquely the last n coordinates on the Ty p -orbit of 8 kyV ). We 
will show that there is an arrow i(w) — > i(u/) in VF P . Clearly, if u/ = s^w, 
then i(io') = syi(w) for the root 7' = [0,7]. 

Further, we claim that the grading element evaluation (w5 — w'6)(E k -i :Jl ) 
is 1 or 2. We will prove this by induction: for the case k = 2 it holds, as we 
saw in the proof of lemma 5.1.1 and we will show by induction that it holds 
in general. 

Because i(w)5 k ,n(E k ,n) = (2k - 1) + wS k -i, n (Ek-i,n), we see that 

(i( w ) 5 k,n ~ i{w')5k, n ){Ek,n) 

is 1 or 2 in this case as well. We see that i{w) < i(w') and it follows 
from lemma 3.2.3 that l(i(w')) — l(i(w)) < 2. But the length difference 
cannot be 2, because i(w) and i(w') are connected by a root reflection, so 
the length difference must be an odd number. Therefore, it must be one and 
i(w) — > i(w') in W p . It is easy to see that 

(i(w))(X k ,n + h,n) ~ $k,n = i(w(\ k -l,n + h-l,n) ~ S) 
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(i(w'))(X k ,n + Sk,n) ~ $k,n = i(w' (\ k -l, n + fa-l,n) ~ 5) 



so there is an arrow ^[2k — l,a\b] — 5 —> \[2k — l,a'|6'] — 5 in the singular 
Hasse graph and the map i : S k -i jU — * Sk,n preserves the arrows. 

On the other hand, let ^[2k — 1, ai, . . . , a^_i |6i, ... ,b n ] — 5 kjU — ► ^[2k — 
l,a[, . . . , a^,_ 1 |6' 1 , . . . , b' n ] — 5 k ^ n be an arrow in S 1 . The weights are repre- 
sented by Weyl group elements w,w' so that w — > w' and \[2k - l,a\b] = 

w(\k,n + $k,n) an< i §[2A; — l,a'|&'] = w f (X kjTl + &k,n)- It follows that wS = 
[X\, . . . , X k \yi, . . . , y n ], where x\ is either 2k - 1 or 2k - 2 and x 2 , . . . , x k 
are smaller. Similarly, w'S = [x^, . . . ,x' k \y[, . . . ,y' n ] and x\ = x[ (because 
they are connected by a root reflection that does not fix w(X + 5)). We 
define i(w) = [x2, ■ ■ ■ , x k \ . . .] and i(w') = [x' 2 , ■ ■ ■ , x' k \ . . .] to be elements in 
Wfe-i n , where the last n coordinates are again uniquely determined. It is 

easy to check that i(w) — > t(t</) in W^-i n and that t(it;)(Afe_i )n + 5fc-i,n) = 
[a 2 ,...,a fc |6i,...,6 n ] and t(w')(^fc-i,n + <Sjfc-i,n) = [a 2 , . . . , a' fc |&i, . . . , b' n ]. So, 
there is an arrow ^[a\b] — 5 — > — 5 in Sk-i, n if an d only if there is an 

arrow ±[21fe- l,a\b] - 5 -> \ [2k - 1, a'\b'] -8 in S 1 . 

Similarly, we define the map j : S k -i j7l —> S 2 by \[a\, . . . , ajt_i|6i, . . . , b n \ — 

<^fe-i,n ^ \[ a ii ■ ■ ■ 1 0fc-i) — (2fc — l)|6i, . . . , 6 n ] — <5fe ;n and we can check that 
it maps arrows to arrows. 

It remains to determine, which elements of S 1 are connected with arrows 
to elements of S 2 . If a weight \\2k — 1,...|...] is connected by some 
root reflection s 7 to |[. . . , — (2k — 1)| . . .] so the only possible root is 7 = 
[1,0,..., 0, 1 1 , . . . , 0]. Simple combinatorics implies that the only possibil- 
ity for the root reflection to exist is \i + 5 = ^[2k — 3, ct2, . . . , a k -\, — (2k — 
1)|...] = s 7 i[2fc - l,a 2 ,...,a fc _i,-(2A; - 3)|...] = s 7 (A + 5). The first 
weight is in S 2,1 and the second in S* 1 ' 2 . To show that there is an ar- 
row A — > /x, consider w £ W p taking 5 to [2k — 2, 02, . . . , a k -i, — (2fe — 
3)|2n - 2,2n - 4, 2n - 6, ... , 2fc - 1,2/c -4, ... ,4,2,0] and u>' G taking 
<5 to [2fc - 3, 02, • • • , Ofc_i, -(2fc - 2)|2n - 2, 2n - 4, 2n - 6, . . . , 2k - 1, 2k - 
4, . . . , 4, 2, 0], where (a 2 , . . . , a k -±) is decreasing so that w(X + 5) = A + 5 
and w'(X + 5) =n + 8. (For example, the weight ^[5, 1, — 3|5, 3, — 1] is repre- 
sented with w5 = [4, 1, — 3|5, 2, 0] and ^[3, 1, — 5|5, 3, —1] is represented with 
w'S = [3, 1, — 4|5, 2, 0]) Now w' = s 7 w implies w < w' or w' < w. But for E 
the grading element, w5(E) = 2k — 2 + 02 + . . . + a k -i — (2k — 3) = Yl a j + 1 
and w'S(E) = J^aj — 1, so w < w' . The difference of the grading element 
evaluation is 2, so the length difference is at most 2, but it must be odd, 
because w' = s^w and therefore w — > w' in So, there is an arrow 

u> • A — > ' • A in the singular Hasse graph. 

We see that (A — n)(E) = 2 and this also proves the assumption that all the 
arrows A — ► fi fulfill (A — fi)(E) < 2. If there exists the homomorphism of 
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the generalized Verma modules, the corresponding dual differential operator 
is of order 2, therefore we draw 2 lines in the picture. 

Because we saw in lemma 5.1.1 that the form of the graph S2, n does not 
depend on n, so S k ^ n — Sk,n' for n,n' > k as well. □ 

Theorem 5.1.4. All the arrows \x — ► v in the singular Hasse graph from the 
previous theorem such that (/j, — v)(E) = 1 are in the BGG graph and there 
is a standard homomorphism Mp(v) — ► M p (/i). If \ [i in the previous 
theorem and (A — fJ>)(E) = 2 (2 lines in the picture), the standard homo- 
morphism Mp(fx) — > M p (A) is zero. So, under the assumption of conjecture 
3.3.6, the homomorphisms corresponding to second order operators are all 
nonstandard. 

Proof. We will prove the first part of the theorem by induction. In case k = 2 
we have seen in Theorem 4.4.1 that there exists a standard homomorphism 
[3, 1| . . . , 3, 1] —5 — > [3, — 1| . . . , 3, — 1]. Similarly, we could show that there 
exist a standard homomorphism [1, — 3| . . . , 3, — 1]— 5 — > [—1, — 3| . . . , 3, 1]— 5. 

The BGG graph has the same set of vertices as the singular Hasse graph, 
so we can define the sets S k>n , S 1 , S 2 the same way as in Theorem 5.1.2 and 
we define the maps i : Sk-i, n — ► S 1 and j : Sk-i, n — ► S 2 by 

i : [ai,.. . ,a fc _i|6i, . . . ,b n ] - 8k-i,n ^ [ 2k ~ Mi,- - • ,a fc _i|6i, . . .,&„]- S k>n 

j : [ai, . . . ,a fe _i|6i, . . . , b n }-5 k -i,n ^ [ai, • • • ,a k -i, — (2fe— 1)|6 X , . . . , b n ]-5 kin 

We will show that there exists a nonzero standard homomorphism of true 
Verma modules M bfc l n (a) -»■ M bk _ l n ((3) (a, (3 £ S k - ljH ) if and only if 
there exists a nonzero standard homomorphism of true Verma modules 
Mb kn (i(a)) — > M\j k (*(/?))■ To see this, note that it follows from Theorem 
3.1.3 that for integral a, f3 G fyt_i n there is a nonzero homomorphisms of 
true Verma modules M(a) — > M{(3) if and only if there exist root reflections 
7i so that 

/3 + <5 > s 7l (/3 + (5) > s 72 s 7l (/3 + (5) > . . . > a + <5 
But this is exactly if 

i{f3) + 5 > s Kli) (i((3) +S)> s~ iM s~ iM (i((3) +S)>...> (i(a) + S) 

where i : h fe _i jn <^ h fc;n is defined by [7] i-> [0,7], especially a» G A fe _i in ^ 
Oj+i G Afe n . So, nonzero homomorphism M(a) — ► M{(5) implies nonzero 
homomorphism M(i(a)) — > M(i(/3)). On the other hand, if M(i(a)) — > 
M{i{(3)) is nonzero, there exists 7,-, so that 

i((3) +S> s^(i(/3) +S)> s 72 s 71 (z(/3) +$)>...> i(a) + <5. 

All the 7i fix the first coordinate (2/c — l)/2, because the first coordinate 
in the root expression cannot increase, if the weights are decreasing, but 
the first coordinate of i(a) + 5 and i([3) + 5 are both equal to (2k — l)/2. 
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Therefore, all the 7j have pre-images 7^ in t)k-i : n so that i^j) = 7j. It 
follows that 

(3 + 5 > s^(P + 5) > s 72 s 7l (/3 + 5) > . . . > (a + 6) 

and there exists a nonzero map M(a) — > M((3). So, there exists a nonzero 
homomorphism M(a) — > M((5) if and only if there exists a nonzero homo- 
morphism M(z(a)) -> M(i((3)). 

We will prove the following statement: there exists a nonzero standard ho- 
momorphism 

Mp*-i,>)->ATp fc -i,„(0) 

for a,{3 & Sfc_i jTl if and only if there exists a nonzero standard homomor- 
phism 

M Pti „(i(a))^M, fci „(i(/?)) 
It follows from Theorem 3.3.3 that the standard homomorphism 

M^Ja) ^ M 9h _ ltn {0) 

is zero if and only if M(a) C M(s a . ■ [3) for some parabolic simple root ay 7^ 
ccfe-i- If this is the case, then M(i(a)) C M(s a . +1 • i((3)) follows from the 
previous paragraph and the map Mp(i(a)) — > Mp(i((3)) is zero as well. On 
the other hand, if M p (i(a)) -»■ M p («(/?)) is zero, then M(i(a)) C M(s ai -i(f3)) 
for some parabolic simple root ol\ ^ If i — 1, then JVI (i(ct^ CZ J\l(s ai • 
implies i(a) + 5 < s ai (i((3) + 5). But i(a) + 5 contains (2k — l)/2 on 
the first position and s ai (i/3) + 5) contains a number strictly smaller then 
(2k — l)/2 on the first position, what is a contradiction. Therefore, i > 1 
and that implies M(a) C M(s Qi _ 1 • so the map M p (a) — > M p (/3) is zero 
as well. 

Similarly, we can show that the map j : Sk-i, n — * S 2 given by is a graph 
isomorphism. 

To complete the proof, we have to show that the standard homomorphism 
M p (^[2k - 1, 02, ... , a fc _i, -(2* - 3)|2n - 1, . . . , 3, ±1] - S) - 

M p (i[2fe - 3, a 2 , . . . , a fc _i, -(2* - l)|2n - 1, . . . , 3, ±1] - S) 

is zero (this are exactly the arrows represented by 2 lines in the singular 
Hasse graph, see theorem 5.1.2). 

In case k = 2, we observe that 

|[3,-1| ...,3,-1] >s a i[3,-l|...,3,-l] = |[3,-1| ... ,1,-3] > 

> ,3, -3] > ^[1,-3| ... ,3,-1] 

The first reflection is with respect to the parabolic simple root a = [0, . . . , 1, 1], 
the second interchanges 1 and 3, the reflection being with respect to 71 = 
[1,0,..., 0, —1, 0] and the last interchanges —1 and —3, the reflection being 



47 



with respect to the root 72 = [0, 1, . . . , 0, — 1]. So, it follows from Theorem 

3.1.3 that M(i[l, -3| . . .] - 8) C M(s a • (±[3, — 1| ,3, -1] - 5)) and we see 

from Theorem 3.3.3 that the standard homomorphism M p (^[l, — 3| . . .] — 
5) -► M p (i[3, -1| . . .] - 5) is zero. 

Similarly, for k > 2, we observe that 

-[2k - 1, a 2 , ■ ■ ■ , a fc _i, -(2fc - 3)|2n - 1, . . . , 3, ±1] > 

> -[2fc-l,a2,...,a fc _i,-(2fe-3)|2n-l,...,2fc-3,2A;- 1, ...,3,±1] 

> i[2fc-3,02,...,a fc _i,-(2fc-3)|2n-l,...,2fc- 1,2k- 1,...,3,±1] 

> -[2fc-3,a2,...,a fc _i,-(2fc- l)|2n- l,...,2fc- l,2fc-3, ...,3,±1] 

The first reflection is with respect to the simple root a = [0, . . . , 0, 1, —1, . . .] 
interchanging 2k — 1 and 2/c — 3 on the (n + 2)-nd and (n + 3)-th position, 
the second reflection interchanges the 2k — 1 on the first position with the 
2k — 3 on the (n + 2)-th position, and the last reflection sign-interchanges 
the — (2k — 3) on the k-th position and the 2fc-l on the (n + 2)-nd position. 
It is easy to check that 

M(i[2fc-3, . . . , -(2fc-l)| . . .}-S) C M(s a .(^[2k-1, -(2k-S)\ . . .]-*)) 
and it follows from 3.3.3 that the standard homomorphism is zero. 

□ 

Remark 5.1.5. Note, however, that for k > n the singular orbits is larger 
as the one described in the theorem. We will show this in more details in 
section 5.2. 

Remark 5.1.6. If we choose the weight A + 5 = ^[. . . , 3, 1| . . . , 5, 3, — 1] 

(corresponding to the other spinor representation), the singular Hasse graph 
associated to it has the same structure and there is no real difference in the 
proof. 

5.2. Even dimension, k > n. Let Qk, n = so(2(n + k), C)), p the parabolic 
subalgebra corresponding to the k-th node crossed and let A be as in section 
5.1. We saw that the shape of the singular Hasse graph associated to (g, p, A) 
does not depend on n for n > k and all the weights v on the affine Weyl 
orbit of A are of the form v + S = |[. . . |2n — 1, . . . , 5, 3, ±1]. In case n < k, 
there exists other p-dominant weights on the affine Weyl orbit of A and the 
singular Hasse graph is larger. We will illustrate it on the simplest example: 

Example 5.2.1. Let k = 3, n = 2. Then the singular Hasse graph has to 
following form: 
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i[3,l,-l|5,-3] 



i[3,l,-3|5,-l]; 



i[3,-l,f3|5,l] J 



|[5, 1,-3|3,-1] 
|[5,-1,-3|3, 1] 



§[1,-1,-3|5,3] 



In this diagram, we should subtract 5 from each of the weights to obtain the 
singular Hasse graph for (g,p, A). 

We see that there are four "new" strictly p-dominant weights of type 

^[...|5,±1] and ±[...|5,±3] 

on the Weyl orbit of A + 5. Each of the new arrows corresponds clearly 
to a root reflection. To see that each of the new arrows is in the singu- 
lar Hasse graph, consider, for example, the arrow (^[5, 1, — 3|3, —1] — 5) — > 
(| [3, 1, — 3|5, —1] — 5). Let A + 5 = |[5, 3, 3, 1, 1] be the dominant weight on 
the orbit of A + 5. Choose w, w' be elements of W p that take 5 = [4, 3, 2, 1, 0] 
to w8 = [4, 2, — 1 1 3 — 0] and w'8 = [3, 2, — 1|4, — 0]. Because w' = s^w 
for 7 = [1,0,0,-1,0] and (w5 — w'5)(E) = 1 (E is the grading element), 
it follow w -> w' in W p . The weights w{~\ + S) = |[5, 1, -3|3, -1] and 

w'(X + 5) = tj[3, 1, — 3|5, —1]. The other arrows in the above diagram can be 
shown in an analogous way. 

Moreover, we claim that all these new arrows are in the BGG graph as well, 
representing standard homomorphisms of generalized Verma modules. To 
show, for example, that there is a nonzero standard homomorphism 

M p (^[3, 1, -3|5, -1] - 6) - M p (^[5, 1, -3|3, -1] - 8) 

assume that it is zero, then there is a chain of weights 

-[3, 1, -3|5, -1] = no < m < . . . < fij = s a ^[5, 1, -3|3, -1] 

for some parabolic simple root 0/03, connected by root reflections. 
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Because no is p-dominant and the only elements fixing fJ,o(E) are from W p , 
it follows that ni(E) = ^o(E) + 1. If \i\ = ^[3, 1, — 1| . . .], fii would be 
p-dominant and to leave the Wp-orbit of this weight, one would have to 
increase the grading element evaluation once more, which is not possible. 
If /xi = tj[5, 1, — 3| . . .], the only possibility is = ^[5, 1, — 3|3, —1] which is 
larger than any s Q ^[5, 1, — 3|3, —1]. In any case, we get a contradiction. 

Let us denote by St,n the singular Hasse graph associated to (g,p,A) in 
general. We will show that it has similar structure as the picture above 
if n = k — 1. The weights of type |[. . . |2n — 1, . . . , 3, ±1] and the arrows 
between them are a copy of the graph from definition 5.1.3. We can define 
the subgraphs S 1,1 , S 1 ' 2 , S 2,1 and S 2 ' 2 similarly as in Theorem 5.1.2. For 
example, S 1,2 consists of weights |[2fe — 1, . . . , — (2k — 3)|2n — 1, . . . ,3, ±1]. 
We denote by K the subgraph of Sk, n consisting of weights not in S 1 , S 2 . 

Theorem 5.2.2. Let n = k — 1, n > 2. The subgraph K of Sk, n contains 
a copy of Sk-2 that consists of weights \[2k — 3, ... , — (2k — 3)\2k — 1, 2k — 
5,2k — 7, ...,3, ±1] (Remember that 2k — 3 = 2n — 1). We denote this 
subgraph by K^-2- The graph isomorphisms ip '■ S^-2 Kk-2 is given by 

(-[ai, . . . , a fe _ 2 | • • • , 3, ±1] - S k -2,n) ^ 

^ (^[2k - 3, ai, . . . , a fc _ 2 , -(2k - 3)\2k - 1, 2k - 5, . . . , 3, ±1] - S k>n ) 



({ai, . . . , afc_ 2 } is a decreasing sign-permutation of ^{(2^ — 5), . . . , 3, 1} ). 

Let (f)i(4>2) '■ Sfc_2 ~^ S 1,2 (S 2 ' 1 ) be the isomorphism from Theorem 5.1.2, 
respectively. Then for each fi G S^-2, there is an arrow (f)(fi) — > tp(fJ-) and 
an arrow tp(fi) — > <fe(n) in Sk, n - Graphically, it is described by the following 
picture: 




S 2,2 



The arrows connecting K&-2 with S correspond to operators of first order. 

Again, we can divide K^-2 into two parts K\_ 2 and K%_ 2 , each isomorphic 

to Sfc_3 as a graph. Then there are two copies K^} 3 and K^} 3 of Sk-s in 
K — Kk~2 connected to K^-2 in a natural way: 
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\ 



K 



fc-3 



K-2 



K 2 



/ 



K 



(2) 
fe-3 



\ 



The arrows connecting K^}_ 3 with K 3 k _ 2 correspond to first order differential 

operators. In a similar way, is connected with K^}^ and , each 

being isomorphic to S^-a- So we can continue until we come to So, which is 
a one-point graph. This describes all the arrows and vertices in the singular 
Hasse graph. 

All the arrows fi — ► v such that (fi — v)(E) = 1 are in the BGG graph as 
well and there exists a nonzero standard homomorphism M$(v) — ► M p (/i) in 
such case. 



Proof. The technique of the proof is similar to the proofs of Theorem 5.1.2 
and example 5.2.1. We will just outline the basic steps. 

First, note that if a weight u on the affine Weyl orbit of A is p-dominant, so 
v + 5 is of the form ^[. . . . . . , b n ] where (pi, . . . , b n ) is strictly decreasing. 

We can prove in the same way as in Theorem 5.1.2 that the weights of type 
(bi, . . . , b n ) = (2n — 1, . . . , 3, ±1) and arrows between them are a copy of Sk- 
Let us denote by K^-2 the set of weights of type (bi , . . . , b n ) = (2n + 1, 2n — 
3, . . .). The map ip is a graph isomorphism S^-2 — Kk-2- We will omit the 
subtraction of S in the expression of the following weights. An element of 
K\_ 2 is of the form \[2k- 3, 2k - 5, c x , . . . , c fc _ 3 , -(2k - 3)\2k- 1, 2k - 5, . . .] 
and it is connected with root reflection to ^[2k— 3, 2k— 5, c\, . . . , Ck-s, —(2k— 
5)\2k — 1, 2k — 3, 2k — 7, . . .]. These are exactly elements of K^} 3 . Similarly, 
an element of K^~2 1S °f ^ ne f° rm — 3, c\, . . . , Cks, — (2k — 5), — (2k — 
3)\2k — 1, 2k — 5, . . .] and it is connected with root reflection to \\2k — 
5, ci, . . . , c fc _3, -(2/c-5), — (2fc— 3)|2fc— 1, 2/c-3, 2k-7,...]. This are exactly 
elements of K^l 3 - We can continue similarly and see that elements of 
are weights of the form \[. . . \2k- 1, 2A;-3, 2k- 5, 2&-9, . . . ,3,±1]. Finally 
K (h)...(i k -2) are weightg of the form i [ |2^ _ i ; 2k - 3, . . . , 7, 5, ±3]. □ 
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For general k > n, the situation is even more complicated. 

5.3. Odd dimension. Let g = B^+n = 5o(2(n + A;) + 1,C), p its parabolic 
subalgebra corresponding to 

o . . . e * e . . . a > o 

where the fc-th node is crossed (S = {0^}). We have seen in chapter 4 
that there exists a nonzero homomorphism of generalized Verma modules 
M p (fx) -► M P (A) where n + 6 = [. . . , 3/2, -1/2| . . . , 3, 2, 1] and A + S = 
[. . . , 3/2, 1/2| ... , 3, 2, 1] . We will show that the BGG graph associated to 
(q,P, A) is isomorphic to the singular Hasse graph Sk t n from Theorem 5.1.2. 
On the other hand, the singular Hasse graph does not contain all the arrows 
in this case. Moreover, the BGG graph does not depend on n at all (for a 
fixed k). We will start with the simplest case k = 2. 

Lemma 5.3.1. Let k = 2. Then there exist three nonzero generalized Verma 
module homomorphisms on the affine orbit of A described by the following 
diagram (the middle homomorphism corresponds to an operator of second 
order): 

. [3/2, 1/2|...,2, 1] - 5 = A 
1 [3/2,-l/2|...,2,l]-<5 = /i 
. [1/2, -3/2|..., 2,1] -<J = i/ 
i [-l/2,-3/2|...,2,l]-J = £ 

Proof. The existence of the homomorphism M p (/x) — ► M p (A) was shown in 
chapter 4. 

We see that [1/2, -3/2| . . . , 2, 1] and [3/2, -1/2| . . . , 2, 1] are connected by 
root reflection s 7 , where 7 = [1, 1 1 0, . . . , 0] and [3/2, — 1/2 1 . . . , 2, l](i^ 7 ) = 
3/2 — 1/2 = 1 is a nonnegative integer. It follows from Theorem 3.1.3 that 
there is a true Verma module homomorphism i : M{y) — > M(p,). We will 
show that the standard map of the generalized Verma modules is nonzero. 

The weight A + 5 = [3/2, 1/2 1 ... , 2, 1] is on the Weyl orbit of the dominant 
(but non-integral) weight A + 5 = [. . . , 2, 3/2, 1, 1/2]. This weight is non- 
singular, so there exist unique elements w, w' £ W so that w ■ A = /x and 
w' ■ A = v. In this case, S = \ [. . . , 7, 5, 3, 1] and it is easy to check that w5 = 
|[5, — 1| . . . , 11, 9, 7, 3] and w'5 = ^[1, — 5| . . . , 11, 9, 7, 3]. Because w' = s^w 
and the evaluation on the grading element is (wS — w'5){E) = (5/2 — 1/2) — 
(1/2 — 5/2) = 4, we see that w < w' and either w — > w' or w — > w\ — > 
W2 — > w' in the (Borel) Hasse graph (there must be an odd number of 
root reflections, if their composition is a root reflection and it cannot be 5, 
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because the difference of the grading element evaluation is 4). If w — > w', we 
can use Theorem 3.3.4 and we are done. Assume that w — > w± — > W2 — > w' 
and that the standard map M p (u) — ► M p ( / u) is zero. Theorem 3.3.3 says 
that 

(5.1) M(i/) C M(s a • M ) 

for some parabolic simple root a ^ We know that for p-dominant \x, 
M(s„ • //) C M[p). The weight s Q (/i + ft) is one of the following types: 

(1) [-l/2,3/2| ... ,3,2, 1] if a = ai 

(2) [3/2, -l/2|n, n-l,...,l-l,l,...,2,l] is a = a i} 1 < i < n + k 

(3) [3/2,-l/2| ... ,3,2,-1] if a = a n+k 

First we show that a ^ a±. If a = a±, (5.1) implies v + 5 < s ai (jx + 5), i.e. 
[1/2, -3/2| ... ,2, 1] < [—1/2, 3/2| ... ,2,1]. Subtracting the second weight 
from the first we get [1, — 3|0, . . . , 0], which cannot be obtained as a sum of 
negative roots, because none of them has a positive coefficient on the first 
position. 

Now assume that s a (n + S) is of type (2). Because 

M(w' • A) = M(v) C M(s a • fi) C M(fi) = M(w • A), 

l(w') — l(w) = 3 and v + 5 is not connected with s Q (/i + 5) with any root 
reflection, it follows from Theorem 3.1.3 that there must be /?i,/?2 so that 

(5.2) M(y) C M( S/3l • i/) = M( S/32 s a • M ) C M(s a • /i). 

Note, that the weights are s a (fi + 5) = [3/2, —1/2| — 1, 2, 1] and 
v+/3 = S/3 1 S/3 2 s a(/ u + ^) = — 3/2 1 . . . , 2, 1]. In coordinates, sp. cannot be 
a (sign)-transposition interchanging an integer and a half-integer, because 
of the conditions s a (n + 5)(Hp 2 ) G N and Sfs 2 s a (fi + ^(iTgJ G N. So, 
exactly one of these reflections interchanges (3/2, —1/2) to (1/2, —3/2) and 
the other one interchanges (n,n — 1, ... ,1 — 1,1, ... ,2,1) to (n,n — l ... ,1,1 — 
1, . . . , 2, 1). So either sp 2 s a ([i + 5) = [1/2, — 3/2 1 ... ,1 — 1, 1 . . .] or S/3 2 s a (^ + 
5) = [3/2, — 1/2| . . . , I, I — 1, . . .]. In the first case, sp 2 s a (jx + 5) = s a (y + 
5) < {y + 5) [y is p-dominant) which contradicts (5.2). In the second case, 
S/3 2 s a(M + 5) = ;U + 5 > s a (/tx + 5) which also contradicts (5.2). So s a {fi + 5) 
cannot be of type (2). 

Similarly, we can show that s a (fi + S) cannot be of type (3). But this means 
that (5.1) does not hold and the standard map M p (u) — > M p (/x) is nonzero. 

Finally, to show that there is a nonzero standard homomorphisms M(£) — > 
M(z/), note that ^ + <5 = w(X + <5) and (, + 5 = w'(X + 5) where w5 = 
^[1, — 5| . . .] and = |[— 1, — 5| . . .]. Evaluating and on the grading 
element, we see that the difference is 1 and w — ► iw' (lemma 3.2.3). Finally, 
— ^ = [1,0, ...,0] is an integral multiple of a root, so M(£) C M{y). 
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Applying Theorem 3.3.4, we see that the standard homomorphism M p (£) — > 
Mp{y) is nonzero as well. □ 



Note, however, that in the case k = n = 2, there are other strictly p- 
dominant weights on the orbit of A + 5. Namely, the weights 

[2, l|3/2, 1/2], [2, -l|3/2, 1/2], [1, -2|3/2, 1/2] and [-1, -2|3/2, 1/2]. 

Neither of them is connected with a root reflection to any weight from the 
last theorem. It is easy to see that they are connected with standard ho- 
momorphism analogous as the weight in the last theorem. So, in that case, 
the BGG graph consists of 2 connected parts, each of them being a copy 
of S*2 (cf. Theorem 5.1.2). However, the homomorphisms of generalized 
Verma modules appearing in the other component correspond to differen- 
tial operators that are all of second order (because, intechanging 1 with a 
— 1 decreases the grading element evaluation by 2, so we can use Theorem 
2.4.1). 

Remark 5.3.2. The singular Hasse graph, however, does not contain the 
arrow \i — > v. 

Proof. For A + 5 = [...,3,2,3/2,1,1/2], there is a unique w resp. w' 
taking A + 5 to fi + 5 resp. v + S. As we saw in the proof of 5.3.1, 
W S = i[5,-l| ... ,7,3] and w'S = ±[1, -5| . . . , 7, 3]. The length difference 
l(w') — l(w) is not 1, because (identifying w <-> wS for w G W p ) 

I[5,-l|...,7,3] -+1[3,-1|...,7,5]^[1,-3|...,7,5]^ 
^ |[1,-5| ... ,7,-3] 

□ 

Theorem 5.3.3. The BGG graph from lemma 5.3.1 is a complex. 

Proof. We want to show that the standard homomorphism Mp{y) — > M p (A) 
is zero. This can be see from the following sequence of weights connected 
by reflections: 

[l/2,-3/2| ... ,2,1] < i[l/2,3/2| ... ,2, 1] = s Ql [3/2, 1/2| . . . , 2, 1] 

Similarly, the standard homomorphism M p (£) — > M p (/Lt) is zero because 
[-1/2, -3/2| . . . , 2, 1] < [-1/2, 3/2| . . . , 2, 1] = s ai [3/2, -l/2\ . . . , 2, 1] 

□ 

The situation in k > 2 is analogous: 

Theorem 5.3.4. For any k, n > 2, k ^ n, the graph Sk from Theorem 5.1.2 
describes the BGG graph associated to (g,p,A). The double-arrows describe 
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homomorphisms, whose corresponding invariant differential operators are of 
second order. 

All homomorphism in the graph are standard. 

However, the arrows corresponding to second order operators are not in the 
singular Hasse graph. 

In case k = n, the orbit has two connected components. One of them is a 
copy of Sk and the other one is similar except that all of its homomorphisms 
correspond to second order differential operators. 



Proof. Let A + 5 = [. . . , 5/2, 2, 3/2, 1, 1/2] be the g-dominant weight so that 
A + 5 is on its Weyl orbit. Recall that there are n integers and k half-integers 
in the expression of A + 5. Assume that k / n. 

The condition on a weight v + 5 = [a± , . . . , \b± , . . . , b n ] to be strictly p- 
dominant and p-integral is a\ > ... > a^, b\ > ... > b n > 0, ai — a,j £ 
Z, hi — bj £ Z and the b^s are all integers or all half-integers. Simple 
combinatorics implies that, if v is on the affine orbit of A and k ^ n, the 
only possibility is v + 8 = [ai, . . . , a,k\n, n — 1, . . . , 2, 1], where (a±, . . . , a^) is 
some strictly decreasing sign-permutation of ((2k — l)/2, . . . ,3/2, 1/2). 

Let Sk t n be the BGG graph for (g, p, A). In the same way as in Theorem 5.1.2 
we can define S 1 to be the subgraph consisting of weights [(2k — 1) /2, . . . | . . .] 
and S 2 the subgraph consisting of weights [. . . , — (2k — 1)/2| . . .]. Clearly, 
the set of all vertices in the BGG graph is a disjoint union of vertices in S 1 
and vertices in S 2 . Similarly, we can define S 1 ' 1 ,^ 1 ' 2 and S 2,1 ,S 2,2 . 

We shall show that the map i : S^-i^ — > S 1 given by ([a±, . . . , a^-il ■ ■ ■] — 
5) i ^ ([(2k — l)/2, ai, . . . , ak-i \ . . .] — <5) is a graph isomorphism. The weight 
[a±, . . . , cifc-il . . .] is strictly pfc_i in -dominant and pfc_i jn -integral if and only 
if [(2k — l)/2,ai, . . . ,a/c-i| • • .] is strictly pfc jn -dominant and p/^-integral. 
Therefore, i is a bijection on vertices. 

Similarly as in the proof of Theorem 5.1.2, it can be shown that there is 
a nonzero standard homomorphism Mp k _ ln ((3\) — > Mp k l if and only 

if there is a nonzero standard homomorphism M Pk n (i((3i)) — > M Pfc „(«(/?2)). 
Therefore, i : Sk-i >n —> S 1 is a graph isomorphism. 

Similarly, the map j : Sk-i, n ~^ S 2 given by 

([ai, . . . , a fc _i| . . .] - S) i-> ([ai, . . . , a fc _i, -(2fe - 1)/2| . . .] - S) 

is a graph isomorphism. 
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We will show now that all the arrows connecting elements of S 1 ' 2 with ele- 
ments of S* 2,1 in Sk (defined analogously as in 5.1.3) are in the BGG graph 
for (fl,p,A). 

Let us denote fi + S = [(2k — l)/2, 02, . . . , Ofe-i, — (2k — 3)/2| . . .] and v + 5 = 
[(2k — 3)/2, 02, . . . , cifc-i, — (2k — 1)/2| . . .]. We will show that there is an 
arrow fi — ► f in the BGG graph. First, we show that there is a standard 
homomorphism Mp(is) — ► M p (/x). For true Verma modules, M(i/) C M(fi), 
because 1/ + 5 = s 7 (/x + S) and z/ = \i — 7 for 7 = [1, . . . , 0, 1 1 0, . . . , 0]. 

Let w £ W be the Weyl group element that takes 5 = ^[...,5,3,1] to 
T;[4k — 3, 62, ... , &fc-i, — (4/c — 7)| . . .] where (62, . . . , 6fc-i) is some decreasing 
sign-permutation of ((4/c — ll)/2, . . . , 5/2, 1/2) and it/ takes (5 to \[4k — 
7,62, • • ■ A-i, -(4fe-3)| . . .] so that it;(A + <5) = /i + (5 and iy'(A + <5) = z/ + <5. 
The difference of the grading element evaluation is (w5 — w'8)(E) = 4 and, 
similarly as in the proof of lemma 5.3.1, either it; — ► w' or it; — > u>i — > 1^2 — > 
it;'. If it; — > it;', we apply Theorem 3.3.4 and see that there is an arrow 
H — > v. Let w — > it;i — > W2 — ► to' and assume, for the sake of contradiction, 
that the standard map M p (w' ■ A) — > M p (w ■ X) is zero. Therefore, 

(5.3) M (1/) = M(w' • A) C M(s a w • A) = M(s a • n) 
for some a G 5. 

The weight s Q (/i + 5) is one of the following types: 

(1) [a2,(2fe- l)/2, ... I ... ,3,2, 1] if a = ai 

(2) [(2fc - l)/2, . . . , a h a,_i, . . . , -(2fc - 3)/2| . . .] 

(3) [(2fc-l)/2,...,-(2fc-3)/2,a fc _i|...] 

(4) [(2ife- l)/2, ...,-(2fc-3)/2|n,n- 1, 1, 2, 1] 

(5) [(2fc - l)/2, ...,-(2k- 3)/2| . . . , 3, 2, -1] if a = a n+k 

First we show that it is not of type (1). If a = a±, (5.3) implies v + 5 < 
s ai (^ + 5), i.e. 

[(2k - 3)/2, 02, . . . , -(2fc - 1)/2| . . .] < [03, (2fc - l)/2, . . . , -(2k - 3)/2| . . .] 

where 02 < (2/c — 5)/2. Subtracting the first weight from the second we get 
[d2 — (2fe — 3)/2, . . .] which cannot be obtained as a sum of positive roots, 
because it contains a negative number on the first position. 

Now assume that s a (/j, + 5) is of type (2) — (5). Because 

M(w' • A) = M(v) C M(s a • n) C M{fi) = M(w ■ A), 

l(w') — l(w) = 3 and u + 5 \s not connected to s a (jx + 5) with any root 
reflection, it follows from Theorem 3.1.3 that there must be /?i,/?2 so that 

(5.4) M(v) C M( S/3l • u) = M( Sf)2 s a ■ n) C M(s a • //) 



56 



Similarly as in the proof of lemma 5.3.1, we will show that a cannot be of 
type (2) — (5) leading to a contradiction. Let a be of type (2), i.e. 

s a (n + S) = [(2fe-l)/2,...,a,,a,_i,...,-(2fc-3)/2|...], 

u + 5 = [(2A;-3)/2,...,ai_i,a,,...,-(2fc-l)/2)|...]. 

The root reflections sp x and s@ 2 cannot interchange an integer with a half- 
integer, because of the integrality conditions s a (^L+5)(Hp 2 ) G N and s/3 2 s a (/j,+ 
5)(Hf3 L ) G N. There are two possibilities: either sp 2 interchanges a/ with a/_i 
and s fa interchanges ((2fc-l)/2,-(2fc-3)/2) with ((2fc-3)/2,-(21fe-l)/2) 
on the particular positions, or sg 2 interchanges ((2fe— 1)/2, — (2fc— 3)/2) with 
((2k — 3)/2, — (2/c — l)/2) and interchanges a; with a;_i. In the first case, 
/?2 = a and (5.4) implies M(/x) C M(s a • //), which contradicts the fact that 
M(s a ■ jj) C M( / u) for a parabolic simple root a and /U G Pp + - In the second 
case, Pi = a and (5.4) implies M(zv) C M(s a • z/), which also contradicts 
M(s a • i/) C M(i/). 

Let a be of type (3), i.e. 

s Q (// + <5) = [(2fc-l)/2,...,-(2fc-3)/2,a fc _i|...], 

z, + <5 = [(2fc-3)/2,...,a fc _i,-(2fc-l)/2)|...] 

If either (3\ = a or fa = a ) we g e t contradiction similarly as in case (2). 
But there is no other possibility, because the at-i on the fe-th position has 
to move somehow to the (k — l)-th position: if 02 would fix it, then (3\ = a, 
if 02 would take it to the (k — l)-th position, then 02 = a and if 02 would 
take it (possibly with a minus sign) to the Z-th. position for I ^ k, k — 1, 1, 
then 02 has to (sign-) interchange the l-th. and (k — l)-th position, so SfoSfc 
would fix the (2k — l)/2 on the first position, which is impossible. The 
last possibility is I = 1: this would mean that 02 takes cik-i to the first 
position (possibly with a minus sign), but a^-i < (2k — 3)/2 would imply 
that sp 2 s a (n + 6) has a smaller number on the first position as v + 5 which 
contradicts v + 5 < s / g 2 s Q ( / u + 6). 

In case (4), we have 

s a (fi + S) = [(2fc - l)/2, . . . ,-(2Ar - 3)/2|n, . . . , i - 1, Z, . . . , 2, 1] 

v + 5 = [(2fc-3)/2, -(2k- l)/2)|n, I - 1, . . . , 2,1] 

Because the reflections with respect to 0\ , 02 cannot interchange an integer 
and a half-integer, it follows that one of them interchanges I with I — 1, so 
either /?i = a or 02 = a and we get a contradiction as in case (2). The same 
happens in case (5). 

In either case, we get a contradiction, so the standard map M p (u) — > M p (/x) 
is nonzero. 

We will show that the condition (2) from the definition of the BGG graph 
(3.4.1) is satisfied as well. Let us suppose that there exists nontrivial homo- 
morphisms 

M p (i/) = M p (£ ) - M p (6) - . . . - M p (^) = M„(/i) 
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for j > 1. The weights £j are increasing and p-dominant p-integral, so 
£i — cannot be written down as a sum of positive roots in go : therefore, 
the grading element evaluation £i(E) is strictly increasing. The difference 
(fi — v){E) = 2, so it follows j = 2 and 

z^ + (5< i\ + 5 = v + 5 + 7i <i^ + (5 + 7i + 72=/i + (5 

for some 71,72 G 0i (grading element evaluation on roots from 0i is 1). But 
71 G 01 implies that 71 is of the form 

[0,...,1,...,0|0,...,±1,0...,0], 

and so the 71-addition changes 

[a u . . . ,a k \b u ...,b n ] 

to 

[ai,...,ai + l,...\h,...,bi> - l,...,b n ], 
but this cannot be strictly p-dominant and p-integral when (pi, . . . ,b n ) = 
(n, ... ,2, 1). So, there is really an arrow \i — > v in the BGG graph and 
we leave to the reader to check that there are no other arrows in the BGG 
graph. 

For k = n, there are other p-integral and strictly p-dominant weights on 
the orbit of A: the weights of type [a\, . . . ,a,k\{2k — l)/2, . . . ,3/2, 1/2] where 
(ai, . . . , Ofc) is some strictly decreasing sign-permutation of (k, k — 1, ... , 1). 
We could again, define S n as a set of weights [k, . . . \ . . .] — S and S' 2 as a 
set of weights [. . . , — k\ . . .] — 5 and show that there are arrows 

([k,...,-(k-l)\...]-S)^([k-l,...,-k]-S), 

similarly as in the first part of the proof. However, the order of the dual 
operators is always 2 in this case, because changing 1 to —1 decreeses the 
grading element evaluation by 2. □ 
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6. Calculus of extremal vectors 



6.1. Computation of extremal vectors. We saw in the last chapter that 
in the even orthogonal case, the singular Hasse graph contains arrows that 
may correspond to nonstandard homomorphisms and the dual operators 
are of second order. One way to prove that existence of a nonstandard 
homomorphism M p (/i) — > M p (A) is to compute the so called extremal vector. 
It is a vector v £ M p (A) of weight \x such that X ■ v = for any positive 
root space generator X in g. If we find such a vector, the homomorphism 
can be defined by 1 <£> i — > v (1 <8> is the highest weight vector in M p (/x)) 
and consequently 

yi . . . y k <g> Yi . . . YiVfj, i-> y± . . . y k Y\ . . . Y t v 

where yi are generators of some negative root spaces in g_, Yj are generators 
of some negative root spaces in go an d the right hand side of the last equation 
is the result of the action of y± . . . y k Y\ . . . Y\ on v in M p (A). 

Consider the Lie algebra g = D4 = so (8, C), p the parabolic subalgebra 
determined by £ = {«i} (first node crossed in the Dynkin diagram), and 
the weights A = |[— 5|1,1, 1] and \x = ^[— 7|1,1,— 1] (this is a special case 
of lemma 4.1.1). We will compute the extremal vector corresponding to 
Mpfa) - M p (A) . 

Let us represent the elements of so (8, C) as matrices antisymmetric with 
respect to the anti-diagonal, as in section 2.1. 

Let yij resp. Yij be a matrix E^j —Eg-j^-i so that yij £ g_ and Yij £ qq_ 
(Eij is a matrix having 1 in i-th row and j-th column and on other places) . 
These are exactly the generators of negative root spaces in g. Similarly, 
we denote the generators of positive root spaces by Xij and Xij and the 
generators of the Cartan subalgebra by hi = E^i — -Eg-^g-j: 



(6.1) 



/ h l 


X12 


X13 


x u 


X15 




X17 





\ 


2/21 


h 2 


X23 


X24 


X25 


X26 





-Xn 




2/31 


Y32 


h 3 


X34 


A^35 





—X26 


-xw 




2/41 


Y42 


Y 43 


/14 





—X35 


—-^25 


-X15 




2/51 


Y 52 


Y 53 





—hi 


—X34 


—X24 


-x u 




2/61 


Y 62 





-Y 53 


-I43 


-h 3 


—X23 


-X13 




2/71 





-Y 62 


-I52 


-Y42 


-Y32 


-h 2 


-X12 




V 


-2/71 


-2/61 


-2/51 


-2/41 


-2/31 


-2/21 


-hi 


J 



Lemma 6.1.1. There is exactly one vector (up to multiple) in M p (A) of 
weight fi that is extremal, i.e. annihilated by all positive root spaces in g, 
namely the vector 

2/5,1 ® v\ - 2/31 ® Y 53 v x - 2/21 ® Y 52 v\ 
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(under the identification M p (A) ~ U(#-) 



Proof. We know from 2.3 that the vector 

( 6 - 2 ) Vil,h ■ ■ ■ Vinjn ® Y k U h ■ ■ ■ Y k m ,l m V ^ 

is a weight vector with weight A - ^ k root (yi k j k ) - root (Yi k ,,j k ,) (if it 
is nonzero). The difference \i — A = [— 1 1 0, 0, — 1] in our case, so the {i- weight 
space in M p (A) is generated by vectors of type (6.2), where the sum 

Y, root (y ik , jk )+J2 root 0W) = [-1|0,0,-1]. 

k k' 

There are only 4 possibilities how to obtain [— 1|0, 0, —1] as a sum of negative 
roots in g: 



• [ — 1 1 0, 0, — 1] itself - corresponds to j/51, so the weight vector is y5i®v\ 

• [0| - 1, 0, -1] + [-1|1, 0, 0] - weight vector y 21 Y 52 v x 

• [0|0, -1, -1] + [— 1|0, 1, 0] - weight vector y 31 ® Y 53 v x 

• [0|0,-l,-l] + [0|-l,l,0] + [-l|l,0,0,] -weight vector y 2 i®Y 53 Y 32 v x . 



The last vector is zero because A = 5| 1, 1 , 1] , Y 32 is the negative root 
space of the root (3 = [0, —1, 1,0] and the copy of sl(2, C) in g generated by 
Hp, X 23 , Y 32 acts trivial on v\, because Hp(v\) = \{Hp)v\ = \{h 2 — h 3 )(l — 
l)v\ = and therefore, this submodule generated by v\ is an irreducible 
sl(2, C)-module with highest weight 0, so it is trivial. Prom the same reason, 
Y4, 3 v\ = Y^ 2 v\ = 0. On the other hand, Y^, 2 v\ / and Y53VA / 0, because 
this root spaces correspond to the coroot hi + h 3 resp. h 2 + h 3 and the 
action of A on these coroots is nonzero. 

We have identified a 3-dimensional [i- weight space in M p (A) and are looking 
for a vector in this space that is extremal, i.e. annihilated by all positive 
root spaces in g. The action of the positive root spaces can be computed 
using just the commutation relations in U(q) and the fact that we know the 
action of p on v\ . 

In fact, it suffices to find a vector in this weight space that is annihilated 
by X12, X 23 , X 3 4, X35, X 2 q and xn, because the other positive root spaces 
generators can be obtained by commuting those. We compute the action of 
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x\2 on the three vectors: 

£12(?/51 ® «A) = 2/51^12 ®V\ + [X12, 2/5l] <8> f A = 
2/51 <8 + [Zl2, 2/5l] <8 ^A = + (-Y52) <8 WA 

= 1 ® (-^52Va), 

£12(2/21 (8) 152^a) = 2/21^12 <8 >52f A + [^12, 2/2l] <8 I52WA = 
= 2/21 <8 X12Y52VA + (^1 ~ ^2) <8 152-WA = 2/21 <8 152£12^A + 
+2/21 ® [a?12, *52^A + 1 ® (/il - /l 2 )>52^A = + + 

+1 ® Y 52 (/ii - /i 2 )^a + 1 <8) [hi — h 2 , Y 52 ] = 
5 1 

= 1 ® (-- - -)v A + 1 y 5 2^A = -2 <8 Y^A, 

£12(2/31 <8 I53VA) = 2/31 <8 x 12 Y 53 vx + [£12, 2/3i] <8 Y 53 v x = 

= 2/31 <8 Y 53 X 12 V X + 2/31 ® [£12, Y 53 ]v X + (-I32) ® >53^A = 

= + 0-10 Y 32 Y 53 v x = -Y 53 Y 32 v x - [Y32, Y~ 5 3^A = 

= 0-10 (-^52)^ = 1 ® V52«A, 

where <8) means product over W(p). 

Similarly, we compute the action of the other positive root spaces on each 
of the 3 nonzero vectors of weight /j,. We can write the result into a table of 
actions on vectors: 



action 


vector 




Vl = 2/51 <8 v\ 


v 2 = 2/21 <8 Y 52 v x 


^3 = 2/31 <8 Y 53 V X 


£12 


1 ® i-Yfavx) 


-2 y 52 WA 


1 <8 I52VA 


X 23 





-2/21 O ^53«A 


2/21 <8> Y53VA 


X 3 4 








2/21 <8 = 


X 3 5 


2/31 <8 ^A 


2/21 ® Y 32 v x = 


2/31 <8 f A 


X 2 Q 











£17 












We want to find some combination av\ +bv 2 +cv 3 of the vectors v±, v 2 , v 3 such 
that the actions on this are zero. We see from the table that a— 2b+c = 0,6 = 
c and a = — c, so the solution is one-dimensional (a, b, c) 6 ((1, —1, —1)). □ 

We know from 4.1.1 that there exist a standard homomorphism M p ( / u) — > 
Mp(A) , but now we see that it is the only one (up to multiple), and there 
is no nonstandard homomorphism M p (fi) — ► M p (A) . 

In a similar way, we could compute that taking A' = |[— 5|1,1, — 1] and 
// = \[— 7|1, 1,1] there exists a unique homomorphism M p (//) — > M p (A') 
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and the extremal vector is 



2/41 ® V\f - |/3i <g> Y^Vy - 2/21 ® Y 42 VX'. 

This example can be generalized: 

Lemma 6.1.2. Let q = D n+ k and £ = {a/J, X+5 = [2k— 1, . . . , 3, 1| . . . , 3, 1] 

anc? + 5 = [2/c — 1, . . . , 3, — 1| . . . , 3, —1], as in 4-4-1- Let us represent el- 
ements of q as matrices, the same way as in 2.1. Then the Verma module 
homomorphism M p (fi) — ► M p (A) is unique (up to multiple) and is described 
by the extremal vector 

(6.3) Vk+n+l,k ®fA" Vk+n-l,k ® Yk+n+\,k+n-lV\ ~ 

-Uk+n-2,k ® ^fc+n+l,fc+n-2«A ~ • • • ~ Vk+l,k ® Y k+n+ltk+1 V\. 

Similarly, for X' + S = [2k — 1, . . . , 3, 1| . . . , 3, —1] and fx' + 5 = [2k — 
1, . . . , 3, — 1| . . . , 3, 1], the extremal vector is 

Uk+n,k ® V\ — yk+ n -l,k ® Y k+n ,k+n~lV\ ~ l/k+n-2,k ® Y k+n ,k+n-2V\ — ... 

Vk+i,k ® Y k+ni2 v x . 



Proof. The technique of the proof is essentially the same as in the previous 
lemma. The weight difference /j, — X = [0, . . . , — 1 1 0, . . . , —1] which can be 
obtained either directly (it is the root so that its root space generator is 
Vk+n+i,k), or as a sum 

[0,...,-l|,...,l,0,...,0] + [...|...,-l,...,-l]. 

The weight vector corresponding to this decomposition is 

Uk+j,k ® Y k+ n+l,k+jV\- 

Other decompositions of type (. . .+[0, . . . , 0| . . . , — 1, . . . , 1 . . .]) do not occur, 
because the root space generator associated to this root is Yk+i^k+m for I < m 
and Yk + i^k+m v \ = 0, because X(hk+i — hk +m ) = ^ — ^ = and we can use 
the same argument as in the proof of lemma 6.1.1. 

Writing down the actions of the positive root spaces on this weight vec- 
tors, we obtain that the only weight vector annihilated by them is the vec- 
tor from the lemma. It suffices to take the action of Xi2,X2z, ■ ■ ■ ,^fc-i,fc> 

Xk,k+1, -X"fc+l,fc+2) ^k+n-l,k+m -Xfc+n-l.fc+ra+lv • •> -^fc+l,fc+2n-l> x k,k+2ni 

■■■ , x\,2k+2n-i- Recall that 

A = i[-(2n-l),...,-(2n-l)|l,l,...,l]. 
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We compute the action of X±2 on the summands of (6.3) in case k > 1: 

Xi2(yk+n+l,k ®U(p) v x) = Uk+n+l,k ®W(p)) X 12 V X + 
+ [^12,yfe+n+l,fc] ®W(p) U A = 0, 

^12(2/fc+j,fc <8> Ifc+n+l^+j^A) = Uk+j,kXl2 <8>U{p) ^k+n+l,k+j v X + 
+ [Xl2,yk+j,k] ®U(p) v \ = Vk+j,k ®W(p) ^fc+n+l,fc+j^l2«A + 

+Vk+j,k ®W(p) [X 12 ,Y k+n+ltk+j ]v\ + = 0, 

for j = l,...,n — 1, because the commutators are zero. Similarly, the 
action of X23, . . . , X k -i jk are zero on all the vectors we consider. For 
Xkk+ii however (if k = 1, we start here), there are nonzero commuta- 
tors [Xk,k+l,yk+n+l,k] = -Yk+ n +l,k+l, [xk,k+l,Vk+j,k] = ~Yk+j,k+l for j = 

2, . . . , n - 1 and [x k ,k+i,yk+i,k] = h k - h k+1 . Note that X(h k - h k +i) = -n. 
We obtain 

X k , k +l(y k + n +l,k ®«(p) v \) = — 1 <8) ^fc+Ti+l,fc+lf A> 

X k ,k+l(yk+j,k ®«(p) ^k+n+l.fc+j 1 '*) = — 1 ® ^fc+j.fe+l^fe+n+l.fe+j^A = 
= — 1(g) (y fc+ri+ljfc+ _ 7 -Yi fc+ _ 7 - )fc+1 i; A + [y fc+ j jfc+1 , Ffe+n+i^+j-jvA) = 

= 1 ® *fc+ri+l,fc+l u A, 

for j = 2, . . . , n — 1, because Yfc+j,fc+i^A = 0. Finally, 

Xk,k+l(yk+l,k ® Yfc+n+i^+i) = (/ifc - /lfc+l) <£>U(p) Y k +n+l,k+lV\ = 
= 1 <g) (ifc+n+l,fc+l(^fc - fyfc+l) + [fofc - ^fe+l, yfe+n+l,fe+l]) w A = 

= 1 ® (-n + l)y fc+n+1)fe+1 )u A = (-n + 1) y fc+ n+i,fc+i w A- 

We see that the action of Xfc^+i on the vector from the lemma is 

1 ® n+n+Lfc+iC-l - (n - 2) + n - 1) = 0. 

Further, the action of -X^+j^+i+i for some fixed i £ {1, . . . ,n — 1} is zero 
on yfc+n+i,jfc ( 8 ) w(p)' u A an d the only nonzero terms come from the commutators 
[X k +i,k+i+i,yk+i+i,k] = yk+i,k for 1 < i < n—2 and [X k +i ik +i+i, Y k+n+ i jk+i ] = 
-Y k+n+1;k+i+1 . We obtain: 

X k +i,k+i+l(yk+i+l,k ® yfc+ n +l,fc+i+lVA) = J/fc+j.A: ® Yfc+n+l^+i+lVA 

and 

^fc+i,fc+i+l(yfc+i,fc ® y^+n+l./fc+i^A) = —yk+i,k ® ^fc+n+l,fc+i+l w A- 

Therefore, the coefficient of the term y k +i jk <8> y^+n+i fc+i«A m the extremal 
vector is the same as the coefficient of the term y k +i+i, k ® Yk+n+i,k+i+i v \- 
This already implies the extremal vector from the lemma and the reader can 
check that the action of the other positive root spaces is zero as well. □ 

Lemma 6.1.3. Let q = D4, £ = {02} and A + S = ^[3, — 1|3, —1], fi + 6 = 
^[1, — 3|3, — 1] are the weights representing the double-arrow from lemma 
5.1.1. Then there is a unique (up to multiple) nonzero nonstandard ho- 
momorphism Mp(/z) — ► M p (A) , i.e. the arrow A — > fx is in the BGG graph. 
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Proof. We compute the extremal vector the same way as in the previous 
lemmas. The matrices are 8x8 with the following gradation: 





X12 


£13 


X14 


£15 


^16 


x 17 





Y 2 i 


h 2 


£23 


£24 


£25 


£26 





-£17 


2/31 


2/32 


h 3 


-^34 


-^35 





-£26 


-£16 


2/41 


2/42 


Y43 







—-^35 


-£25 


-£15 


2/51 


2/52 


Y 53 





— /14 




-£24 


-£l4 


2/61 


2/62 





"^53 


-143 


-h 3 


-£23 


-£13 


2/71 





-2/62 


-2/52 


-2/42 


-2/32 


-h 2 


—X±2 





-2/71 


-2/61 


-2/51 


-2/41 


-2/31 


-Y21 


-h! 



The computation is quite long and technical but the result is that the ex- 
tremal vector is 



Vext = 2/512/42 ® ^A + 2/522/42 ® Y 2 lV\ + 2/622/31 ® V X + 2/622/32 ® Y^A + 
+2/522/31 ® >43^A - 2/512/32 ® Y~ 43 i; A . 



For simplicity, we will write only y £ U(q) instead of y ®u(p) v \ f° r the 
extremal vector. To make the expression of y more unique, we will write it 
as a sum of elements of type y iujl . . . y^^Y^^ ... , y Uk ,v k so that 



and ((u 1 ,v 1 ), . . . , (u k ,v k )) 



are ordered lexicographically. Of course, yx = for any positive root space 
generator x in this formalism, Y k may be zero for large k and yh = X(h)y 
for h G f). 

So, we write t> e:r< = 2/512/42 + • • • + (- 2/51 2/32 *4 3 ). The reader may easily verify 
that all the summands have weights fx = A + [—1, —1, 1 0, 0] . For example, 
the first summand 2/512/42 corresponds to the decomposition [— 1,0|0, —1] + 
[0,-l|0,l] of [-1,-1,0,0,]. 
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We will show that the action of X\2 on this is zero. 

^122/512/42 = 2/51^12^42 + [X 12 , 2/51 ] 2/42 = 2/512/42^12 + 2/51 [^12 , 2/42] 
= -2/522/42, 



- 2/522/42 = 



^122/522/42*21 = 2/52^122/42*21 + [^12, 2/52] • • • = 2/522/42^12*21 + 2/52 [^12 , 2/42] • • • = 
= J/52j/42*21^12 + 2/522/42^12, *2l] = 2/522/42(^1 ~ fo) = 2/522/42, 



^122/622/31 = 2/62-^122/31 = 2/622/31^12 + 2/62^12, 2/31 ] = "2/622/32, 

^122/622/32*21 = 2/62^122/32*21 = 2/622/32^12*21 = 2/622/32*21^12 + 
+2/622/32 12, *2l] = 2/622/32(^1 ~ fo) = 2/622/32, 

^122/522/31*43 = 2/52^122/31*43 = J/52 2/31 ^12*43 + J/52 [^12, J/31 ]*43 = 
= 2/522/31*43^21 - 2/522/32*43 = "2/522/32*43, 

^12 (-2/512/32*43) = -2/51^122/32*43 ~ [-^12 , 2/51 ] 2/32*43 = ~ 2/512/32^12*43 + 
+2/522/32*43 = -2/512/32*43^21 + 2/522/32*43 = 2/522/32*43- 

Summing up all the results, we get zero. The same can be checked for any- 
positive root space X and it is left to the reader. To prove the uniqueness 
of v ext , one has to write down the basis of the fx- weight space in M p (A) and 
compute the actions of positive root spaces on them: solving this is very 
technical but straightforward. □ 

This extremal vector represented by y ex t £ U{q) can be rewritten in an easier 
way: 

Vext = (2/51 - 2/31*53X2/42 - 2/32*43) + (2/52 - 2/32*53X2/42 - 2/32*43)*21 ~ J/71- 

To check that it is the same, multiply the brackets, use commutation rela- 
tions in g and the facts that yY^ = (because Y^v\ = 0). 

The vectors in the bracket look very similar to those from lemma 6.1.1 and 
6.1.2. The following theorem says that this holds in general. 

Theorem 6.1.4. Let g = D 2+n , £ = {a 2 }, X + 5 = ±[3, -1| . . . , 3, -1] 

and n + S = [1, — 3| . . . , 3, —1]. Then there exists a nonzero homomorphism 
Mp(fi) — > M p (A) and the extremal vector is 



(because A = ^[-3/2, -5/2|l/2, -1/2]) 




2/3,i*n+3,3 



(6.7) D i — y n+ 2,i — 2/n+M*n+2,n+l ~ Vn,iXn+2,n ~ • • 



2/3,i*n+2,3 
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for i = 1,2. 



Remark 6.1.5. Note that D 2 resp. D 2 is the extremal vectors from The- 
orem 6.1.2 describing the homomorphism dual to the Dirac operator. 

Proof. We will verify that the extremal vector from the theorem is annihi- 
lated by the action of positive root space generators. This is sufficient to ver- 
ify for X 12 ,X 2 3,Xi t i +1 (3<i< 71+1), X n+2 -j >n +2+j (1 < j < n- 1), 2?2,2n+2 

and (draw a matrix similar to (6.4) with go — fll(2>C) ©so(2n,C) 

for general n). 





X12 


£13 


^1,71 + 2 


21,71 + 3 


21,271 + 2 


21,271 + 3 





Y 21 


h 2 


223 


22,7i + 2 


22,7i + 3 


22,271 + 2 





-21,271 + 3 


V31 


V32 


h 3 


-^3,71+2 


-^3,n+3 





-22,271 + 2 


-2i,2ti + 2 


Vn+2,1 


Vn+2,2 


Vti + 2,3 


^71 + 2 





— ^3,7i + 3 


— 22,71 + 3 


-2l,„ + 3 


Vn+3,1 


Vn+3,2 







-h n+2 


— ^3,T> + 2 


— 22,71 + 2 


-2l,„ + 2 


l/2tl+2,l 


3/271+2, 2 





— Yn + 1,3 


-y„, 3 


'■ -h 3 


-22,3 


-21.3 


2/271+3,1 


a 


— 2/271 + 2,2 


— Vn + 3,2 


— Vn+2,2 


-V32 


-h 2 


— X\2 





— 1/271+3,1 


— J/271+2,1 


— Vn + 3,1 


— Vn + 2,1 


-V31 


-Y 2 i 


— hi 



The weight A = ^[-^f 1 , - ^1^, ■ ■ ■ , \, ~\] implies that Y n+3J v x = for 
3 < j < n + 1 and Yj^v\ = for j < n + 1. 

First we show that the extremal vector in question is annihilated by the 
positive root spaces in go- 

(a) The action of X\ 2 . 

X l2 D+D 2 = D+X l2 D 2 + [X 12 ,D+]D 2 = 
= D+D 2 X 12 + D+[X 12 , D 2 ] + [X 12 ,D+]D 2 

The commutator [Xi2,-D^~] is zero, because X\ 2 commutes with each sum- 
mand in the definition (6.7) of D 2 . Further, [X\ 2 ,Df] = —D 2 because 
[X 12 ,y n+3A ] = -y„ +3i 2 and 

[^12, Un+2-k,lYn+3,n+2-k] = ~ 2/n+2-fc,2^n+3,n+2-fc 

for 1 < k < n — 1. Therefore, 

X l2 D+D 2 = -D+D 2 

Similarly, 

X 12 D+D 2 Y 21 = D+D 2 [X l2 , Y l2 ] = D+D 2 , 
because [Xi 2 , Yi 2 ]v\ = (hi - h 2 )v\ = v x for 

2n- 1 2n + 1 1 1 1 
~ 1 2~' ~ '2'"'' 2'~2 J ' 
So, Xi 2 (Df D 2 + D 2 D 2 Y 2 i) = 0. The space g_2 is one-dimensional, gener- 
ated by y27i+3,i- The action of X 12 is X 12 y 2n+3>1 = [X 12 ,y 2n+3>1 ] = so we 
see that X\ 2 y = for y defined by (6.5). 
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(b) The action of Xj j+i for 3 < i < n. Again, we have 

Xi,i + iD~^D 2 = [X iji+ i, Df]D 2 + Df [X iji+ i,D 2 ] 

and 

X hl+l D+D 2 Y 2l = [X tyt+l ,D+]D 2 Y 21 + D+[X ht+l ,D 2 }Y 21 
We will show that all the commutators are zero. We have 

Df] = [Xj ii+ i,y n+3i i - y n +i,iYn+3,n+i — ■■■ - 2/31^71+3,3] ■ 

The only nonzero terms here are [X iA+1 , -y i+ltl Y n+3A+1 ] = -y it iY n+3A+1 
and [X iji+1 , -yi,iY n+3ti ] = 2/1,1^+3,1+1 and they cancel each other. Similarly, 

[Xj^+i, D 2 ] = [Xj,j+i, i/n+3,2 - 2/n+l,2^n+3,n+l — ... — 2/32^11+3,3] = 
= — 2/i,2^n+3,i+l + yi,2Yn+3,i+l = 0, 

[Xj 5 i+i, Z) 1 ] = [Xj,j+i, y n +2,l — y n +l,lYn+2,n+l ~ ■ ■ ■ ~ 2/31^71+2,3] = 
= — yi,l^n+2,i+l + yi,lYn+2,i+l = 0, 

[Xj,i+i, D 2 ] = [Xj,j+i, y n +2,2 — J/n+l,2^n+2,n+l — • • • — 2/32^n+2,3] = 
= -2/i,2^n+2,i+l + 2/i,2^n+2,i+l = 0. 

The action of Xj,j+i on g_2 is Xj,j+i2/2n+3 = as well. So, we are done for 
Xij+i, 3 < i < n. 

(c) Action of X n+ i tTl+ 2. We have 

[X n +l,n+2, Df] = [X n +i, n +2, i/n+3,1 ~ 2/n+l,l^n+3,n+l — • • • — 2/31^n+3,3] = 0, 

because all the summands in DJ 1 " commute with X n ,„+i. Similarly, [X n +i, n +2, D 2 ] = 
0. The other commutators are nontrivial: 

[X n +i jn +2, D 1 ) = [X„+i ;n +2, i/ n +2,l — yn+l,l^n+2,n+l — • • • — 2/3,1^71+2,3] = 
= 2/n+l,l - 2/n+l,l(^n+l ~ ^n+2) ~ 2/n,l^n+l,n — • • • — 2/3,l^n+l,3 5 

[X n +i )Tl +2, £> 2 ] = [X n +l, n +2, 2/n+2,2 — 2/n+l,2^n+2,n+l — • • • — 2/3,2^+2,3] = 
= 2/n+l,2 — 2/ri+l,2(^ri+l — ^71+2) — y n ,2Y n +l,n — — 2/3,2^71+1, 3- 

We obtain: 

X n +i,n+2 {DfD 2 + D 2 D 2 Y 2 \) = D^[X n+ i :n+ 2, D 2 ] + D 2 [X n+ i jTl+ 2,D 2 ] = 

= (j/n+1,2 - 2/n+l,2(^n+l ~ ^n+2) ~ 2/n,2^n+l,n ~ ■ ■ ■ ~ 2/3,2^+1,3) + 

+D 2 (y n +i,2 - 2/71+1,2 (K+i - K+2) - 2/71,2^+1,71 - • • • - 2/3,2^71+1,3)^21 ■ 

The first term is zero, because y n +i,n+i-j has zero action on v\ for 1 < j < 
n — 2 (because the weight A has \ both on the n + 1 and (n + 1 — j)'th 
position) and 2/71+1,2(1 - (Vk - /i„+ 2 ))va = 2/n+i,2(l - (5 - (-5)))^ = 0. 
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For the second term, 

{yn+1,2 - ... - 2/3,2^1+1,3)^21 = Y 2 i(y n +i,2 - ... - J/32^1+1,3) + 

+ [*21, (l/n+1,2 - ... - 2/32^r t +l,3)] = -(Z/n+1,1 - 2/n+l,l(^n+l ~ K+2) ~ 

-y n ,lYn+l,n - ... - 2/3,1^1+1,3), 

and this is zero from the same reason as above. For the g_2 term, X ntn+ \y 2n+3 ^ = 

[^n,n+iy2n+3] = as Well. 

(d) Action of A n+ i ira+3 . The commutators are 

[X n +l,n+3, Df] = [X n+ i jTt+3 , y n+3j i — y n +l,l^n+3,n+l — • • • — 2/31^n+3,3] = 
= yra+1,1 — 2/n+l,l(^n+l + h n+2 ) ~ 2/n,l^n+l,n ~ • • • ~ 2/3,1^71+1,3, 

[X n +l,n+3, = [X n+1:Jl+3 , y n+ z,2 - 2/n+l,2^n+3,n+l — • • • — 2/32^n+3,3] = 

= J/n+1,2 — yn+l,2(^n+l + ^n+2) — yn,2^n+l,n — • • • — y3,2^n+l,3, 

[-Xra+l,n+3) -DI ] = [X n+ i ;n+3 , D^] = 0. 

Therefore, 

X n+1 , n+3 (£>+£>- + itf D^i) = 

= [-^n+l,n+3, -Dl"]-^2 + P^n+l,n+3, D 2 ]D 2 ^21- 

The first term is zero, because 

= (yn+1,1 - yn+l,l(^n+l + K1+2) ~ yn,\Yn+l,n ~ ■■■ ~ y3,\Y n+ i^)D 2 = 
= y n +i,iD 2 - y n+1A D 2 (h n+1 + h n+2 ) - y n +i,i[(h n +i + h n+2 ),D 2 ] - 
-y n +i,i[^n+i,n, D 2 ] - ... - y 3 ,i [Y n+1:3 ,D 2 ], 

because the action of in+i,j on v\ is zero for 3 < j < n. It is easy to check 
from (6.7) that the commutators 

[Y n +i,j,D 2 ] = -y n +i,2Y n+2 j + y n +i,2Y n+2 j = 

and (h n+ i + h n+2 )v\ = {\ — = 0, so we obtain 

X n +i,n+3DfD 2 = y n+ i i i(D 2 — [(h n+ i + h n+2 ), D 2 ]). 

A bit effort yields that [h n+ \ + h n+2 , D 2 \ = D 2 , so 

X n +i,n+3D^ D 2 = 0. 

Similarly, we can show that X n+ \ )n+3 D 2 D 2 Y 2 \ = and clearly, 

[A n+ i in+3 ,y 2 n+3,i] = 0, 
so it has zero action on g_2 as well. 
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(e) Action of X n+ 2-j,n+2+j for 2 < j < n — 1. In this case, the commutators 
are 

[Xn+2-j,n+2+j, D±] = [X n+2 -j : n+2+j, Vn+3,1 ~ 2/n+l,l^n+3,n+l — • • • — 2/31^1+3,3] 
= —yn+3-j,l[X n +2-j,n+2+j,Y n+ 3 :Jl+ 3-j] — y n+ 2-j : l[X n+ 2-j, n +2+j, Yn+3,n+2-j] = 

(the other commutators are zero) 

= lln+3-j,lX n +2-j,n+2 ~ 2/n+2-j,l^n+3-,7>+2, 

[X n+ 2-j,n+2+j, D£] = yn+3-j,2X n+ 2-j, n +2 ~ 2/n+2-j,2^n+3-.7>+2 (similarly), 
[X n+ 2-j,n+2+j, D 1 } = yn+3-j,lX n+ 2-j, n +3 ~ 2/n+2-j,l^n+3-i,n+3 , 
[X n+ 2-j,n+2+j, D 2 } = y n +3-j,2X n+ 2-j,n+3 ~ 2/n+2-j,2^n+3-j,n+3- 

Therefore, 

X n +2-j,n+2+j(Dl D 2 ) = [X n+ 2-j : n+2+j, D^]D 2 = 
= yn+3-j,lX n +2-j,n+2D 2 ~ yn+2-j,lX n+3 -j jn+ 2D 2 > 

To show that this is zero, observe that the weig ht A = \[-{2n- l),-(2n + 
1) 1 1 , . . . , 1, -1] differs from the weight A' = ±[-(2n-l), -(2n-l)|l, . . . , 1, -1] 
from lemma 6.1.2 only on the second position and we know from that lemma 
that the positive root spaces X in go have zero action on D 2 vy, a simple 
check shows that the second position in A is not used in the computations 
in this case. 

Similarly, we can show that X n+ 2-j,n+2+jD 2 D 2 Y2i = and 

X n +2-j,n+2+jy2n+3,l = 

as well. 

(f) Now, we compute the action of X23, a root space generator from 0i. The 
commutators are 

[X23, Df] = [x 2 3, Vn+3,1 ~ yn+l,lYn+3,n+l ~ ■ ■ ■ ~ 2/31*^+3,3] = 
= — *21*n+3,3 5 

[x 2 3, D%] = [x 2 3, y n +3,2 ~ 2/n+l,2^n+3,n+l ~ ■ • • ~ 2/32*^+3,3] = 

= — *n+3,3 + *n+l,3*n+3,n+l + • • • + *43*n+3,4 — (^2 — ^3)*n+3,3 = 

= — *n+3,3 + (^Ti+3,71+1^+1,3 + [Vn+1,3, *n+3,n+l]) + • • • — (*n+3,3(^2 — ^3) + 

+ [{h 2 - h 3 ),Y n+3t3 }) = -nY n+3t3 - Y n+3:3 (h 2 - h 3 ) + 1^+3^+1*^+1,3 + ■ • ■ 

• • • + *n+3,4*43- 
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Similarly, we obtain 

[X23, D^} = -121^1+2,3, 

[X23, D 2 ] = -nY n+2 ,3 - Y n+2j3 (h 2 - h 3 ) + Y n+2i n+iY n +i,3 + • • • 

• • • + 

Let us now compute 

(6.8) X23D+D2 = [X23, D+]D 2 + D+[x 23 , D 2 \. 
The first term is 

[X23,D+]D 2 = -Y 2l Y n+3>3 D 2 = -Y n+3t3 Y 2l D 2 = -Y n+?h3 D 2 Y 21 - 
—Y n +3,3[Y 2 i,D 2 ] = —Y n+3t3 D 2 Y 2 \ + Y n+3t3 D l = — Y n+3t3 D 2 Y 2 \ + 

+[y„ +3 , 3 ,£>r], 

where we used the relations [121,-^2"] = ~D 2 and Y n+3t3 v\ = 0. 

The second term is 

Df[x 2 3, D 2 ] = Df(-nY n+2> 3 - Y n+2t3 (h 2 - h 3 ) + Y n+2 , n +iY„ + i,3 + ■■■ 

2n + 1 1 

• • • + Y n+2A Y A3 ) = D+Y n+2)3 (-n - ( — - -)) = D+Y n+2>3 

(the other terms are zero because Yk, 3 v\ = for 4 < k < n + 1). So, (6.8) 
is computed to be 

(6.9) -Y n+3t3 D 2 Y 21 + [Y n+3i3 , Df] + D+Y n+2:3 . 
Further, we compute 

(6.10) x 23 D+D 2 Y 21 = [x 23 , D+]D 2 Y 21 + D+[x 23 , D 2 ]Y 21 
We will show that the second term is zero: 

[x 2 3, D 2 ]Y 21 = (-raY n+2 ,3 - Y n+2:3 (h 2 - h 3 ) + Y n+2 , n+1 Y n+1:3 + ... 
■ ■■ + Y n+2A Y 43 )Y 2 i = -nY n+2 , 3 Y 21 - Y n+2t3 Y 2 i{h 2 - h 3 ) - 

-Y n+2 , 3 [Y 2l ,h 2 - h 3 ] = Y n+2t3 Y 2l (-n - (-^-^ - i) - 1) = 0, 

where we used that Y 2 \ commutes with Yj^ and Yk t3 v\ = again. The first 
term in (6.10) is 

[x 23 , D^]D 2 Y 21 = (-nY n+3y3 - Y n+3:3 (h 2 - h 3 ) + Y n+3:n+1 Y n+1:3 + ... 
■■■ + Y n+3A Y 43 )D 2 Y 21 = -nY n+3 , 3 D 2 Y 2l - Y n+3 , 3 D 2 (h 2 - h 3 )Y 2l - 
-Y n+3 , 3 [h 2 - h 3 , D 2 ]Y 21 + Y n+3 , n+1 Y n+lt3 D 2 Y 2l + ... + Y n+3A Y i3 D 2 Y 21 . 
The commutator 

[Xk,3, D 2 ] = [Xk,3, Vn+2,2 - yn+l,2Y n+ 2, n +l — — ^32^71+2,3] = 
[Xk,3, -yk,2Y n+2 ,k] ~ [X k ,3, 2/32*^+2,3] (the other terms are zero) = 
= yfe,2^n+2,3 - 2/fc,2*n+2,3 = 

for 4 < k < n + 1. Therefore, 

Y n+3 , k Y K3 D 2 Y 2l = Y K3 D 2 Y 2l Y n+3 , k = 
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because Y n+3 ^v\ = 0. Another few calculations show that the commutator 

[h 2 -h 3 ,D-] = -D-. 

We obtain 

[x 23 , D+]D 2 Y 21 = -nY n+3 , 3 D 2 Y 21 - Y n+3)3 D 2 Y 21 {h 2 - h 3 ) - 
-Y n+3j3 D 2 [h 2 - h 3 ,Y 21 ] + Y n+3>3 D 2 Y 21 = 

= Y n+3)3 D 2 Y 21 {-n - (-^y^ ~ \) ~ 1 + 1) = Y n+3t3 D 2 Y 21 . 
So, (6.10) is equal to 

(6.11) Y n+3<3 D 2 Y 21 . 
Summing up (6.9) and (6.11) we obtain 

(6.12) x 23 (D+D 2 + D+D~Y 21 ) = [Y n+3 , 3 , D~] + D+Y n+2>3 . 
The commutator is 

[Yn+3,3, D 1 ] = [Y n+3i 3, Vn+2,1 ~ yn+l,l^n+2,n+l — • ■ ■ — J/31^n+2,3] = 
= — U2n+2,1 — y n +2,lY n+ 4, 3 — y n ,lY n +b,3 ~ ■ ■ ■ ~ UAlY 2 n+l,3 ~ 
— Vn+3,lY n+2t3 

and 

DiY n+2i3 = {yn+3,l — Vn+l,lY n +3,n+l — ... — 2/31^71+3,3)^71+2,3 = 
= Vn+3,lY n +2,3 - 2/n+l,l(^n+2,3^n+3,n+l + [Y n +3,n+l, Y n+2t3 ]) — . . . 
■ ■ ■ — 2/4l(Y n+ 2,3^n+3,4 + [Xj+3,4, ^+2,3] ) ~ 2/31^n+2,3^n+3,3- 

Because Y n+3 ^v \ = 0for3</c<n + l and the commutators are 

[Y n +3,k, ^n+2,3] = —Y 2n +5-k,3 

for 4 < k < n + 1 and [Y n+ 3 i3 , Y n+2)3 ] = 0, we obtain 

DiY n+2j3 = J/n+3,l^n+2,3 + yra+1,1^71+4,3 + 2/n,l^n+5,3 + ■ • • + y4lY 2n +l,3- 

Summing this with the above equation, we obtain that (6.12) is equal to 

— 2/2n+2,l- 

Further the action of x 23 on y2n+3,i is 

£232/2n+3,l = [^23; 2/2n+3,l] = ~ 2/2n+2,l- 

We obtain the desired equality 

x 23 {D+D 2 + D+D 2 Y 2l - y 2 n+3,i) = 0. 
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(g) The action of X2,2n+2- We will skip the details for now. The commutators 
are 

[x2,2n+2,Df] = y 3 l*2,n+2, 

[x2,2n+2, D^] = (n — l)X 3: n + 2 ~ ^n+3,n+1^3,n+4 — ^n+3,n^3,n+5 — • • • — 
— ^n+3,4^3,2n+l ~ y32^2,n+2, 

[#23) D 2 ] = (n - l)X 3jJl+3 - Y n+ 2, n +lX^ n+ 4 - y n+ 2, n ^3,n+5 ~ • ■ ■ ~ 
— ^n+2,4^3,2n+l ~ J/32^2,n+3- 

Further, we obtain 

(6.13) X 2 ,2n+2-Dr i:, 2 f = [^2,2n+2, D^]D 2 + [x 2 ,2n+2 , D 2 ] 

The second term is zero, because the commutator contains positive root 
spaces on the end of each term, so (6.13) is 

2/3i£2,n+2£>2~ = V3i[x2,n+2, D 2 ] = y 31 ((h 2 - h n+2 ) + (h 3 - h n+2 ) - ... 
... - (hn+i - h n+2 )) = y 3 \{-n + (n - 1)) = -y 31 . 

For the second part, 

X2,2n+2D 2 D 2 Y21 = [x2,2n+2, D 2 ]D 2 Y 2 \ = (n — l)X 3 ^ n+ 2 — Y n+3>n+ iX 3>n+ 4 — 
-Y n +3, n X 3 ,n+5 — ■ ■ ■ — ^n+3,4^3,2n+l ~ 2/32^2,n+2- 

The action of X 3 ^ n+ 2 and X 3n+ j t for 4</c<n+lon D 2 Y2\ can be easily 
computed to be zero. Further, 

[x 2 ,n+2, £>2~]^21 = ((fl2 - K +2 ) + (h 3 - h n+2 ) - ... - (h n+1 - h n+2 ))Y 2 i = 
= Y 21 ((h 2 - h n+2 ) + ... + (h n+1 - h n+2 )) + Y 21 = Y 21 {-1 + 1) = 0. 

Finally, 

X2,2n+2V2n+3,l = [ x 2,2n+2, 2/2n+3,l] = "2/31 

and the action of X2,2n+2 on (6.5) is zero. 

(h) The action of xi,2n+3- Because this is from 92, the action on 6.5 is 

(6.14) [xi,2n+3, D^]D 2 + [x lj2n +3, D^]D 2 Y 21 + [xi, 2 n+3, -2/2n+3,l] 
The last term is clearly h\ + Y12 = — 2n 2 1 — 2n 2 +1 = —2n. For the first term, 

[xi,2n+3, Df] = X2, n +2 ~ ^2,71+4^+3,71+1 — ^2,n+5^n+3,n ■ • • — ^2,2n+2^n+3,3 

[x 2 ,„+2, D 2 ] = (h 2 - h n+2 ) + (h 3 - h n+2 ) + • • • + (h n+1 - h n+2 ) = -1 

— X2,n+3+kY n + 3) n+2-kD 2 = ^ {h n +2-k + hj) + 

2<j<n+l,jjtn+2-k 

+ (h n +2-k — h n+ 2) 
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for 1 < k < n — 1 . Summing this and substituting for hj the coordinates of 
A, we obtain 

Zl,2n+3-Di" D 2 = -n. 
For the second term of (6.14) we obtain 

[^l,2n+3> D£] = —Xi :H+ 2 + ^l,n+4^n+3,n+l + ^l,n+5^n+3,n • • • + ^l,2n+2^n+3,35 

[-x 1M D 2 ]Y 21 = -X 12 Y 21 = -[X 12 ,Y 21 ] = -1, 

Xl,n+2,+kXn+?,,n+2-kD 2 Y 2 i = -X 12 Y 2 \ = -1 

for 1 < k < n — 1 . Summing this we obtain 

xi, 2n +2,D^ D 2 Y 2 \ = -n. 
We see that the action of xi^n+3 on (6.5) is again (— n — n — (— 2n)) = 0. □ 

We know from lemma 5.1.1 that the homomorphism Mp(fi) — ► M p (A) is not 
standard. We showed that the BGG graph and the singular Hasse graph 
coincide. Let us denote the weights in this graph by A, /U, is, £: 



. | [3, 1| . . . , 3, 1] — 5 = A 
1 |[3,-l|...,3,l]-5 = /i 
! |[1,-3|... ,3,l]-5 = i/ 
(6.15) • |[-l,-3|...,3,l]-* = € 

Similarly as in the last theorem (it is, in fact much easier, but we omit the 
computations), we could prove the following: 

Theorem 6.1.6. The homomorphism M p (£) — > M p (zv) is giuen 6y i/te ex- 
tremal vector 

zat + D 2 -y 21 

where and D 2 are again defined by (6.7). 
Theorem 6.1.7. The BGG graph above is a complex. 

Proof. Let A, /j,, u, £ be the weights as in the picture above. We will show 

that the composition M p (v) A M p (fj,) M p (A) is zero. This is zero exactly 
if j o i sends the highest weight vector in Mp(is) to zero. Let a = 1 <8) vx 
be the highest weight vector in M p (A). We know that the map j sends the 
highest weight vector 1 ® in M p (/i) to y ext ®u(p) v\ where y ext = D 2 
(see Theorem 6.1.2). We will denote it, for simplicity, y ex ta. Because j is 
a g-homomorphism, it sends y <8>w( P ) to yy e xtct for any y G U(q). The 
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composition j oi sends l®v v to yyext&i where y is the extremal vector from 
Theorem 6.1.4. Therefore, we need to show that 

(D+D 2 + D+D 2 Y 2l - y 2n+ 3,i)D+ 

has zero action on v\. Recall now that A = [. . . , |^, . . . , \\ so now the action 
of on v\ is zero for i < n + 2. First, we compute the term D 2 D 2 that 
we will denote by A2 . A few computations yield a very nice and symmetric 
expression 

A 2 = J/2n+2,2?/32 + 2/2n+l,2Z/42 + • • • yn+3,2Vn+2,2 

Moreover, assuming the weight A' = [. . . . . . , 5, — 5] (corresponding to 

the S~ representation), we obtain the same expression A2 = D 2 D 2 in that 
case. Note that Y 2 \V\ = 0, because X(H ai ) = \(h\ — h 2 ) = 0. We compute 

D+D 2 D+ + D+D 2 Y 21 D+ = D+A 2 + D+D 2 [Y 21 , D+] = 
= D+A 2 - D+D 2 D+ 

For the second term, note that Dfv\ is a weight vector of weight 

2n + l 2n-l 1 1 1 
^ 2 ' 2 '2' " ' ' 2' ~T 
It is not p-dominant but, however, similarly as for fx, the action of Y n+3 ^ is 
zero on such weight vectors and we easily compute that the action of D 2 D 2 
on such weight vectors is again equal to A 2 . Therefore, the equation above 
is equal to 

[Df,A 2 ] = [(Vn+3,1 ~ yn+l,l^n+3,n+l ~ • • • ~ 3/3,1^+3,3), (?/2n+2,32/32 + ■ ■ ■ 
• • • + yn+3,22/n+2,2)] • 

The commutators are 

[j/n+3,1, A 2 ] = [y n +3,l,2/n+3,2yn+2,2] = yn+3,2£/2n+3,l = 2/2n+3,l2/n+3,2, 

[-y j:1 Y n+3 j,A 2 ] = -y jA [Y n+3 j,A 2 ] - [y jA , A 2 ]Y n+3 j = 

= -yj,l[Yn+3,j,yj,2y2n+5-j,2 + 2/n+3,2j/n+2,2] ~ [Vj,l, 2/2n+5-j,2]^n+3J = 

(the other commutators are zero) 

= —yj,l(yn+3,2y2n+5-j,2 ~ yn+3,22/2n+5-j,2) ~ 2/2n+3,l^n+3,j = 
= — 2/2n+3,l^n+3,j 

for 3 < j < n + 1. So, we proved that 

[£>+ A 2 ] = y 2n+3>1 D+, 

and it follows that 

(D+DJ + D^Da r 2 i - y2n+3,i)D+ = 0. 

We will show now that the composition M p (£) — > M p (^) — > M p (/i) is zero. 
Using Theorem 6.1.6 we have to prove that the action of 

(6.16) (£>r + D 2 Y 2l ){D+D 2 + D+D;Y 21 - y 2n+3 ,i) 
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on is zero. Note that the action of D 2 D 2 on is A2 and similarly, 

= 2/2n+2,l2/31 + V2n+1, 12/41 + • • • yn+3,l2/n+2,l =: A X . 

We can easily check that if Df acts on a weight vector with weight 
[. . . 1^, . . . , 5] (the ^-representation of the so-part), then D^Df = A± as 
well. We adjust (6.16): 

(D~ + D 2 Y 2l ){D+D 2 + D+D~Y 21 ) = D~ D+ D~ + D^D+D 2 Y 21 + 

+D 2 Y 21 D+D 2 + y 21 D+Djy 21 = 

= Ai£>2 + ^rA 2 y 2 i + D 2 D+Y 21 D 2 + £)J[y 21 ,D+]Dj + 

+D 2 -£>+y 2lJ D 2 -y 21 + D 2 [Y 21 ,D+]D 2 Y 21 . 

The commutators are [Y 21 ,Df] = 0, ^21,^] = -Df and [y^-D^] = 
— -Dj", so we have 

. . . = Ai£> 2 + D^A 2 Y 21 + D^D^D^Y 21 + D 2 D+[Y 21 , D 2 \ + 
+D 2 - J D+ J D 2 -y 21 y 21 - D 2 D+D^Y 21 - D 2 D+D 2 Y 2l . 

Further, note that Y 2 iY 2 iv^ = because, as a representation of the copy 
of sl(2, C) generated by H ai ,Xi 2 ,Y 2 i, generates an irreducible repre- 
sentation. But H ai (vn) = /j,(hi - h 2 ) = -^f^ - (— — = 1, so this 
representation is 2-dimensional and Y 21 v^ = 0. Continuing, we get 

. . . = AiD 2 - D^Ai + (D^A 2 - A 2 D^)Y 21 = 

= [A l5 £)2] + [Z>r,A 2 ]y 21 

Some more computations yields that 

[Ai,D 2 ] = y 2n+3jl D^ = D iV2n+3,i and [D^,A 2 ]Y 21 = 

= V2n+3,iD 2 Y 21 = D 2 Y 21 y 2n+3il 

This proves that (6.16) acts trivial on v^. 

□ 

6.2. Translation of the extremal vector to an operator. Let us con- 
sider the weights A, fi, u, £ defined by (6.15). We will now revise the results of 
4.5 (in case k = 2) and add some further comments on that. We start with a 
complex Lie algebra so(C, (3) of matrices 2(n + 2) x 2(n + 2) fixing the scalar 
product (3(x,y) = J2j x jV2n+5-j- The homomorphism M p ( / u) — > M p (A) is 

described by the extremal vector D+ = y n +3,2-yn+i,2^n+3,n+i • • --2/32^+3,3 
in our standard formalism. We choose another product 

2n+2 

7(x, y) = XlX 2n+4 + X 2 X 2 n+3 + ^ ^, 

J'=3 

of signature (2n + 2,2). We denote the Lie algebra of real matrices fixing 
this scalar product by so(2(n + 2), 7). Its complexification so(2(n + 2), 7) c ~ 
50 (C, 7) is isomorphic to the complex Lie algebra so(C, /3), because all com- 
plex scalar products are conjugate. It is easy to check that the explicit 
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isomorphism ip : so(C,/3) — ► so(C,7) is given, in matrices, by A i— > C 1 ^K7 
where 7 = C l (5C and 
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for n = 2 and analogously for larger n. Let p be the real Lie subalgebra 
of so(2(n + 2), 7) such that in the associated gradation g = g[(2,R) © 
so(2n). We showed in 4.2 that for a complex representation V of the complex 
Lie algebra so(C,7) c (being also a representation of the real Lie algebra 
so(2(n + 2), 7) by restriction) 

ZY( 5 o(2(n + 2), 7)) ® w(p) V ~ U(so(C, 7)) ®u(pc) V ^ W(ao(C, /?)) ® w(p0 V, 

where p' = v?(p c ) is the parabolic subalgebra of so(C,/3) given by E = {0.2}- 
The homomorphism M p (/t) — > M p (A) maps the highest weight vector in 
M p (/i) to D% ®u(p') v x = (V52 ~ 3/32*53) ®u(p') v\ in the case n = 2 (see 
6.1.2). However, for the Verma modules induced by so(C,j) the extremal 
vector is = (^(2/52) — ( / 7 (y32)v ? (^53)) ®U(p) v x where tp is the isomorphism 
5o(C,/3) — > so(C,7). We denote, for simplicity, jjij := tp{yij) and will omit 

the tilde in Dj°. We obtain 



(6.17) 
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Let g = so(2(n+2), 7) be the real Lie algebra and p its parabolic subalgebra, 
inducing the gradation of g. We know that gg s ~ sl(2,M) <g) so(2n) and as 
a 0Q S -module, g_i ~ (M 2 )* <g) R 2n . We can define natural coordinates on 
0_i denoted by 7/1,1, • • • , yi,2n, 2/2,1, • • • , £/2,2n such that if {e 1 ,e 2 } is a basis 
of (M 2 )* dual to ei,e2 and ej is a basis of M 2ra so €j (g> e& has coordinates 
■tjjk = 1 and y mn = for m 7^ j or n 7^ k. In 4.5, we identified sections 
of Spin(2(n + 2), 7) x P S ± with spinor valued functions on g_ and further 
restricted to functions that are only functions on g_i. Let / : M 4ra — > S~ be 
such a function and Df its image, where D is the differential operator dual 
to the real Verma modules homomorphism. We showed that D = (Di,!^), 
where Di is the Dirac operators Y)- ejjp—. Let s + , resp. s~ , be the highest 
weight vector in S + resp. S* _ as so(2n)-modules. As a 0g s -modules, ~ S~ 
and V* ~ C 2 S + for n odd and ~ S + and V* ~ C 2 ® S~ if n is 
even. We will assume the first case, the other one is similar. The module 
V M ~ (C 2 )* (g> S* - has a highest weight vector £2 © s _ . Then we know from 
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(2.3) and (6.17) that 

(£28s -) W( o), = -L^- s+ (/)| + ^^(/)| - 
(<U8) -75i (i -- +)(/)l »-75i4 &s+)(/)l °- 

The left hand side is equal to s~((D 2 f)(0)) and the right hand side can be 
interpreted as the action of on s + (f). Formally, 

s-((D 2 f)(0)) = Dt(s + )(f), 

and for any u = Y\ . . . a product of negative root spaces in so(2n) 

(6.19) (us-)((D 2 f)(0)) = (uD+)(s+)(/) 
(such us~ generate all S~). Similarly, 

(Y 21 e 2 s-)((D/)(0)) = (y 2lJ D+)( S +)(/). 

The left hand side is —e\ ® s~ (because the action of the negative root space 
Y 2 \ in s[(2, C) on e 2 is — ei) and for the right hand side, note that Y 2 iv\ = 0, 
because all the s[(2,R) acts trivially on Va = C <8> S + . So, we obtain 

(_ ei ® a -)((J3/)(0)) = [y 21 , £+](*+)(/) = -£+(*+)(/), 

(because we know from the proof of Theorem 6.1.7 that [Y^i,-^] = ~^t) 
and 

(s-)((D 1 f)(0)) = Dt(s+)(f). 

Both sides are equal to an equation that differs from (6.18) only by differ- 
entiating Qjjp instead of q^-- Similarly as in (6.19), we obtain that for any 
product u = Yi . . . Yk of negative root spaces in so(2n), 

(6.20) («O((0i/)(O)) = (uD+)(a+)(/). 

Informally, we can say that the action of D% or on / is the action of D\ 
or D 2 . 

Similarly, if we start with representations V\> = S~ and V M ' = (C 2 )* <8> S + , 
the and Z)j~ would act as D 2 and D\. 

Now consider the homomorphism Mp(u) — ► M p (/i). As 0o s - mocm les, Vj, = 
V M ~ (R 2 )* <g) S* - . Let us denote by V the operator dual to the Verma 
module homomorphism Mp(u) — ► M p (fi) and again, restrict it to functions 
on g_i. The extremal vector is D\D^ + D^D^Y^i — y 2n +3,i (see 6.1.4). 
The highest weight vector in V* is again e 2 ® s + and the duality in (2.3) 
yields 

(6.21) (e 2 ® s-)(2?^)(0) = (Z>+£>J + D+D 2 Y 21 )(e 2 ® OG/)> 

where on the right hand side, the symbols Df 1 acts by differentiating, sim- 
ilarly as in (6.18) and the derivations are evaluated in 0. Note that we 
omitted the term y 2n +3,i, because it is from g„ 2 and we assume that the 
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function / is constant in the g_2, so differentiating in this direction is trivial. 
So, V acts between the spaces 

V : C 00 ((M 2 )* ® R 2n , R 2 <8> S + ) -► C°°((M 2 )* ® K 2n , M 2 ® S + ). 

We can again define the components T>\ ,V 2 of V so that 

where 51, 52 are functions on g_i. The left side of (6.21) says that it describes 
the second component T> 2 . The terms on the right are 

D+D 2 (e 2 s-)(g) = D+D 2 (s'g 2 ), 

and 

D+D 2 Y 21 (e 2 s-)(g) = D+D 2 (- ei s~)(g) = -D+D 2 ( S - gi ), 
so (6.21) reads 

S -(V 2 (g)(0)) = D+D 2 (s-g 2 ) - D+ D 2 (s~ 9l ) . 
Let u = Y\ . . . Yfc be some products of negative root spaces in so(2n). Then 

(6.22) us-(V 2 (g)(0)) = uD+D 2 (s~g 2 ) - uD+ D~ (s~ 9l ) . 

We know already that D 2 (s~gi)(0) = s + (D 2 gi(0)), where D 2 is the Dirac 
operator in variables y 2 i, . . . , y 2>2n - Because (2.3) holds not only in zero but 
everywhere, we can easily show that D 2 (s~gi) = s + {D 2 gi) everywhere. The 
function gi is 5 + -valued, so D 2 g% is 5~-valued and we know from (6.19) and 
(6.20) that 

uD+D 2 (s- gi ) = uD+{s + (D 29i )) = u8-{PjD 2gi ) (j = 1, 2). 

Substituting the left hand side into (6.22) we get 

us~(V 2 (g 1 ,g 2 )) = us~~(D 1 D 2 g 2 - D 2 D 2 g 1 ). 

This holds for any u and the spinors us~ generate all S~ , so we obtain that 
the second component of the operator T> is the following combination of 
Dirac operators: 

£•2(51,52) = DiD 2 g 2 - D 2 D 2 g 1 . 

To determine the first component, we apply the action of Y 2 \ on (6.21): 

(6.23) (-ei ® s-)(Vg)(0) = Y 2l (D+D 2 + D+D~Y 21 )(e 2 OG/). 

Recall the commutators [Y 21 ,D+] = 0, [Y 21 ,D+] = -D+ and [Y 21 ,D 2 ] = 
— -Dj", so we compute 

Y 21 {D+D 2 + D+D 2 Y 21 )(e 2 O = (D+ D 2 Y 21 - D+ + D+Y 21 D 2 Y 21 - 
-D+D 2 Y 21 )(e 2 ® O = {D+D 2 Y 2l - D+D^ - D+D^Y 2l - 
-D+D 2 Y 21 )(e 2 ® s-) = (-D+D^ - D+D^Y 21 )(e 2 ® a"). 

So, applying a similar argument as for T> 2 , we see that 

£1(51,52) = D i D 1 g 2 - D 2 D 1 g 1 . 
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We see that we have found a principle, how to translate extremal vector 
expressions that are in terms of Df into operator. The method could be 
summarized by this: 

• The extremal vector describes the last component of the operator 

• The symbols D^DJ^D^ . . . are translated to the composition of 
Dirac operators Dj 1 Dj 2 . . . acting on g 2 

• The symbols DfDjD^ . . . Df Y 2 \ are translated to the composition 
of Dirac operators Dj 1 Dj 2 . . . acting on —g\ 

Now, we can easily determine the explicit form of the operator dual to 
Mp(£) — ► Mp{y). We know that ~ C <8> S + , so the operator has only one 
component in this case. In Theorem 6.1.6 we found the extremal vector to 
be + D2Y21 so we see that the operator is described by 




' ^ £>i#2 - D 2 gi. 



The same sequence of differential operators was derived in [18] by algebraic 
methods as a resolution of 2 Dirac operators. We showed, however, that 
this operators are invariant with respect to the action of sl(2,M) x Spin(2n) 
and even more, by choosing the proper generalized conformal weight, this 
operators are even G-invariant, where the action of G includes translations 
((g 1 (x,y),g 2 (x,y)) i-> (gi(x + u,y + v),g 2 (x + u,y + v)) and all actions of 
elements from P. This is an analogue of the invariance of the usual Dirac 
operator not only with respect to Spin but also to all conformal transforma- 
tions. 

Note that we used the realization ~ (C 2 )* (g) S~ as 0Q S -module. But 
(C 2 )* ~ (C 2 ) as sl(2, M)-modules, so we could use the identification ~ 
C 2 (8) S~ instead. The difference is that for ei, e 2 being a basis of C 2 , e\ is 
the highest weight vector and Y 2 \e\ = e 2 (not —e 2 ). So, the operator V 
derived by this way would be V[ = V 2 and V' 2 = —T>\. The third operator 
would be (hi, h 2 ) 1— > Dih 2 + D 2 h\. 

Finally, let us remark that in case of the Dirac operator in k variables, the 
first four vertices in the BGG graph representing the weights 



X + 5 = 


si- 


-.,5,3,1! 


...,3,1] 


fi + S = 


ll- 


..,5,3,— 


-1|...,3,-1] 


v + 5 = 


s'- 


..,5,1,- 


3|...,3,-1] 


i + 5 = 


|i- 


.,5,-1, 


-3|...,3,1] 
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are connected by arrows A — > fi, jjl — ► v and v — > £. The existence of a 
nonzero homomorphism M^{p) — ► M p (A) and M p (£) — ► M p (z/) was shown 
in Theorem 5.1.4 and the existence of a nonzero homomorphism Mp(y) — > 
Mp(p) can be shown by proving that the corresponding extremal vector is 
D k-i D k + D t D k Y k,k-i ~ U2n+k+i,k, similarly as in Theorem 6.1.4, where 
D% and L>±_ x are defined analogously as (6.6), (6.7). There is no difference 
in the computations. As 0Q S -modules, V* ~ C h ® S + , but V* is some 
more complicated representation of dimension 1 £ N. If we identify V* ~ 
C' (8> S + , then the second order operator T> has / components. From the 
above analysis, we can easily derive that if e\ is the highest weight vector in 
V„ ~ (C 1 )* (as s[(fc,R)-module) then Z-th component of the operator V is 

?>l{gi,- ■■,9k) = D k _iD k g k - D k D k gk-\ 
where D k ,D k ^i are the Dirac operator in the k-th, resp. (k — l)'th, variable. 

The composition M p (v) -> M p (/x) -> M p (A) is still zero but M p (£) -> 
■Mp(^) — ► M p (/j,) is nonzero for k > 2. 



•so 
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